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Abstract. Entropy, has many applications in thermodynamics, code
theory, physics, statistics and information theory. In this paper, we
present some new and interesting results related to the bounds of the
Shannon entropy.
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1. Introduction

Entropy plays an important role in many areas of mathematics, probabil-
ity and physics. Shannon’s entropy, as metric entropy, is in general difficult
to calculate and even to estimate. See [1] for other methods to estimate the
Shannon entropy and [?] for a review on entropy estimation. In [10, 12], the
authors presented some bounds for the classical Shannon’s entropy. The
results of this paper improve the results in [4, 8, 9, 11, 12].

2. Basic notions

Let p1, ...., pn be a positive weight sequence with
∑n

i=1 pi = 1, and let x =
{x1, ..., xn} ⊆ I := [a, b] be a sequence. The well-known Jensen’s inequality
states that: If f is convex on I, then

∑n
i=1 pif(xi)− f(

∑n
i=1 pixi) ≥ 0. The

sum
∑n

i=1 pixi is called the convex combination of xi.
Lemma 2.1. [3] Let f be a differentiable convex mapping. Then

0 ≤
n∑

i=1

pif(xi)− f(
n∑

i=1

pixi) ≤
1

4
(b− a)(f ′(b)− f ′(a)) := Df (a, b).(2.1)

Dragomir’s result (2.1), implies 0 ≤ log n−H(X) ≤ (ν−µ)2

4µν := D(µ, ν).

Proposition 2.2. [11] For µ := min1≤i≤n{pi} and ν := max1≤i≤n{pi}, have

m(µ, ν) := µ log(
2µ

µ+ ν
) + ν log(

2ν

µ+ ν
) ≤ log n−H(X)(2.2)

≤ log(
(µ+ ν)2

4µν
) := M(µ, ν).

Proposition 2.3. [11] Under the notation of Proposition 2.2, have
m(µ, ν) ≤ log n−H(X) ≤ nm(µ, ν).(2.3)
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Proposition 2.4. [8] Under the notation of Proposition 2.2, have

m̃(µ, ν) ≤ log n−H(X) ≤ M̃(µ, ν),(2.4)

where m̃(µ, ν) := m(µ, ν) + µ2(2−nµ−nν)2

2(µ+ν)(1−µ−ν) , and

M̃(µ, ν) := M(µ, ν)− (µ+ ν − 2nµν)2 + 2µν(1− µn)(νn− 1)

4ν2
.

Proposition 2.5. [8] Let µ := min1≤i≤n{pi} and ν := max1≤i≤n{pi}. Then

m(µ, ν) ≤ log n−H(X) ≤ M(µ, ν),(2.5)

where m(µ, ν) := m(µ, ν) + (2−nµ−nν)2

4νn(n−2) and

M(µ, ν) := nm(µ, ν)− (2− nµ− nν)2 + 2(nν − 1)(1− nµ)

4νn
.

Theorem 2.6. [12] If X = {pi}ni=1 is a positive probability distribution,
then

H(X) ≤ log n− max
1≤µ1<...<µn−1≤n

{log([( n− 1∑n−1
i=1 pµk

)
∑n−1

k=1 pµk ][
n−1∏
k=1

p
pµk
µk ])}.

Theorem 2.7. [4] Let X = {pi}ni=1 be a positive probability distribution and
µ = (µ1, .., µn). Then

H(X) ≤ log(n)− 1

n

n∑
i=1

(e1−npi − 1)− max
1≤µ1<...<µn−1≤n

{F (µ) +G(µ)},

where

F (µ) = log([(
n− 1∑n−1
i=1 pµk

)
∑n−1

k=1 pµk ][
n−1∏
k=1

p
pµk
µk ]),

G(µ) =
n− 1

n
(e1−

n
n−1

∑n−1
i=1 pµi − 1)− 1

n

n−1∑
i=1

(e1−npµi − 1).

3. Main results

In this section we obtain new upper bounds for Shannon’s entropy of a
positive probability distribution.

Theorem 3.1. Let X = {p1, ..., pn} be a positive probability distribution
and µ0 := min1≤i≤n{pi}, then
H(X) ≤

log n− max
2≤i≤n−1

{ max
1≤µ1<...<µi≤n

{Fi(µ) exp (
µ2
0(n

∑i
k=1 pµk

− i)2

2(1−
∑i

k=1 pµk
)(
∑i

k=1 pµk
)
)}}.
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where

Fi(µ) := log([(
i∑i

k=1 pµk

)
∑i

k=1 pµk ][

i∏
k=1

p
pµk
µk ].

2 ≤ i ≤ n− 1 and µ = (µ1, .., µn).

Corollary 3.2. Let X = {p1, ..., pn} be a positive probability distribution
and µ0 := min1≤i≤n{pi}, then

H(X) ≤ log n− max
1≤µ1<...<µn−1≤n

{F (µ) exp(
µ2
0(n

∑n−1
k=1 pµk

− n+ 1)2

2(1−
∑n−1

k=1 pµk
)(
∑n−1

k=1 pµk
)
))}.

where

F (µ) := log([(
n− 1∑n−1
k=1 pµk

)
∑n−1

k=1 pµk ][

n−1∏
k=1

p
pµk
µk ]

and µ = (µ1, .., µn).

Note that, the estimation in Corollary 3.2 is better than the estimation
in Theorem 2.6.

Theorem 3.3. Let X = {p1, ..., pn} be a positive probability distribution. Let
µ := min1≤i≤n{pi} = pα, µ1 := mini{pi : i ̸= α}, ν := max1≤i≤n{pi} = pβ
and ν1 := max{pi : i ̸= β} . Then

0 ≤ log n−H(X) ≤ M̃1(µ, ν, µ1, ν1),(3.1)

where M̃1(µ, ν, µ1, ν1) := M̃(µ, ν)− µ3(ν1−µ1)2

(1−µ−ν)2ν21µ1
.

Remark 3.4. Since M̃1(µ, ν, µ1, ν1) ≤ M̃(µ, ν) ≤ M(µ, ν) ≤ D(µ, ν), the
estimation (3.1) is better than (2.4) and (2.2).

Theorem 3.5. Let X = {p1, ..., pn} be a positive probability distribution. Let
µ := min1≤i≤n{pi} = pα, µ1 := mini{pi : i ̸= α}, ν := max1≤i≤n{pi} = pβ
and ν1 := max{pi : i ̸= β} . Then

0 ≤ log n−H(X) ≤ M1(µ, ν, µ1, ν1),(3.2)

where M1(µ, ν, µ1, ν1) := M(µ, ν)− µµ1(ν1−µ1)2

2ν(1−µ−ν) .

Remark 3.6. Since M1(µ, ν, µ1, ν1) ≤ M(µ, ν) ≤ nm(µ, ν), the estimation
(3.2) is better than (2.5) and (2.3).

Example 3.7. Let n = 10k, µ = 10−k−1, ν = 10−k+1(k > 2) and

X = {10−k−1, 10−k−1, x3, x4, ..., x10k−2, 10
−k+1, 10−k+1}.
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Then M(µ, ν) ≃ 1.406, M̃(µ, ν) ≃ 1.202058. Since,

M̃1(µ, ν, µ1, ν1) = M̃(µ, ν)− µ3(ν1 − µ1)
2

(1− µ− ν)2ν21µ1

= 1.202058− 10−3k−3(10−k+1 − 10−k−1)2

(1− 10−k−1 − 10−k+1)2× 10−2k+210−k−1

= 1.202058− 9.992

2× 104
× 10−2k

1− 10−k+1 − 10−k−1

≤ 1.202058− 9.992

2× 104
× 3× 10−2k

= 1.202058− 0/0149× 10−2k,

0 ≤ log n−H(X) ≤ 1.202058− 14/9× 10−2k−3.

Example 3.8. Let n = 100k, µ = 100−k−1, ν = 100−k+1(k > 2) and
X = {100−k−1, 100−k−1, x3, x4, ..., x100k−2, 100

−k+1, 100−k+1}.
Then

nm(µ, ν)−M(µ, ν) ≃ 24.5049.

Also,

M1(µ, ν, µ1, ν1) = M(µ, ν)− µµ1(ν1 − µ1)
2

2ν(1− µ− ν)

= M(µ, ν)− 100−k−1 × 100−k−1(100−k+1 − 100−k−1)2

2100−k+1(1− 100−k−1 − 100−k+1)

= M(µ, ν)− 99.992

2× 1003
× 100−2k

1− 100−k+1 − 100−k−1

≤ M(µ, ν)− 99.992

2× 1003
× 3× 100−2k

= M(µ, ν)− 149/9× 100−2k−2.

So, 0 ≤ log n−H(X) ≤ M(µ, ν)− 149/9× 100−2k−2.
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