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Abstract. The moving coframe method is applied to solve the local equiva-
lence problem for the equation of the form uxx = ut+Q(u)ux in two indepen-
dent variables under an action of the pseudo-group of contact transformations.
The structure equations, invariants and equivalent condition of this equations
are found.

Introduction

In this article we consider a local equivalence problem for the class of equations

uxx = ut +Q(u)ux (1)

under a contact transformation pseudo-group. Two equations are said to be
equivalent if there exists a contact transformation mapping one equation to the
other.We use Elie Cartan’s method of equivalence, [1], in its form developed by Fels
and Olver, [2, 3], to compute the Maurer - Cartan forms, the structure equations,
the basic invariants, and the invariant derivatives for symmetry groups of equations
from the class . All differential invariants are functions of the basic invariants and
their invariant derivatives. Cartan’s solution to the equivalence problem states that
two equations are (locally) equivalent if and only if Cartan test’s satisfied.

1. equivalence problem of differential equations

In this section we describe the local equivalence problem for differentials equa-
tions under the action of the pseudo group of contact transformations. Two equa-
tions are said to be equivalent if there exists a contact transformation which maps
the equations to each other. We apply Elie Cartan’s structure theory of Lie pseudo-
groups to obtain necessary and sufficient conditions under which equivalence map-
pings can be found. This theory describes a Lie pseudo-group in terms of a set of
invariant differential 1-forms called Maurer-Cartan forms. Expressions of exterior
differentials of Maurer-Cartan forms in terms of the forms themselves yield Cartan
structure equations for the pseudo-group. The Maurer-Cartan forms contain all
information about the pseudo-group, in particular, they give basic invariants and
operators of invariant differentiation and allow one to solve equivalence problems
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for submanifolds under the action of the pseudo-group.
As is shown in [4], the following differential 1-forms,

Θα = aαβ (du
β − u

β

xjdx
j),

Ξi = bijdx
j + ciβΘ

β ,

Σα
i = aαβB

i
jdu

β

xj + fαiβΘ
β + gαijΞ

j

are Maurer-Cartan forms of Cont(J1(π)). They are defined on J1(π) × H, where
H = (aαβ , b

i
j , c

i
β , f

α
iβ , g

α
ij) | α, β ∈ {1, . . . , q}, i, j ∈ {1, . . . , n}, det(aαβ ).det(bij) 6=

0, gαij = gαji,(B
i
j) is the inverse matrix for (bij). They satisfy the structure equa-

tions

dΘα = Φα
β ∧Θβ + Ξk ∧ Σα

k ,

dΞi = Ψi
k ∧ Ξk +Πi

γ ∧Θγ ,

dΣα
i = Φα

γ ∧ Σγ
i −Ψk

i ∧ Σα
k + Λα

iβ ∧Θβ +Ωα
ij ∧ Ξj .

where the formsΦα
β ,Ψ

i
j ,Π

i
β ,Λ

α
iβ and Ωα

ij depend on differentials of the coordinates

of H. Differential equations defines a submanifold R ⊂ J1(π). The Maurer-
Cartan forms for its symmetry pseudo-group Cont(R) can be found from restrictions
θα = ı∗Θα, ξi = ı∗Ξiand σα

i = ı∗Σα
i . where ı = ı0 × id : R×H −→ J1(π)×H with

ı0 : R −→ J1(π) defined by our differential equations. In order to compute the Mau-
rer.Cartan forms for the symmetry pseudo-group, we implement Cartan’s equiva-
lence method. Firstly, the forms θα, ξi, σα

i are linearly dependent, i.e. there exists a
nontrivial set of functions Uα, Vi,W

i
α on R×H such that Uαθ

α+Viξ
i+W i

ασ
α
i ≡ 0.

Setting these functions equal to some appropriate constants allows one to express
a part of the coordinates of H as functions of the other coordinates of R×H. Sec-
ondly, we substitute the obtained values into the forms φαβ = ı∗Φα

β and ψi
k = ı∗ψi

k

coefficients of semi-basic forms φαβ at σγ
j , ξ

j , and the coefficients of semi-basic forms

ψi
j at σγ

j are lifted invariants of Cont(R). We set them equal to appropriate con-
stants and get expressions for the next part of the coordinates of H, as functions of
the other coordinates ofR×H. Thirdly, we analyze the reduced structure equations

dθα = φαβ ∧ θβ + ξk ∧ σα
k ,

dξi = ψi
k ∧ ξk + πi

γ ∧ θγ ,
dσα

i = φαγ ∧ σγ
i − ψk

i ∧ σα
k + λαiβ ∧ θβ + ωα

ij ∧ ξj .

If the essential torsion coefficients dependent on the group parameters appear, then
we should normalize them to constants and find some new part of the group pa-
rameters, which, on being substituted into the reduced modified Maurer-Cartan
forms, allows us to repeat the procedure of normalization. There are two possible
results of this process. The first result, when the reduced lifted coframe appears to
be involutive, outputs the desired set of invariant 1-forms which characterize the
pseudo-group Lie(R). In the second result, when the coframe is not involutive, we
should apply the procedure of prolongation [[5]].
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2. Structure of symmetry groups for general form of Burgers’

equations

We apply the method described in the previous section to the class of equations
(1).we take the equivalent system of first order

ux = v, ut = vx +Q(u)v. (2)

Denoting, x = x1, t = x2, v = u1, u = u2, vx = p11, vt = p12, ut = p22, ux = p21. We
consider this system as a sub-bundle of the bundle J1(ε), ε = R

2×R
2 −→ R

2, with
local coordinates {x1, x2, u1, u2, p11, p12, p21, p22}, where the embedding ι is defined by
the equalities:

p21 = u1, p11 = p22 −Q(u2)u1. (3)

The forms θα = ι∗Θα, α ∈ {1, 2}, ξi = ι∗Ξi, i ∈ {1, 2}, are linearly dependent.
The group parameters aαβ , b

i
j must satisfy the conditions det(aαβ ) 6= 0, det(bij) 6= 0.

linear dependence between the forms σα
i are

σ2

1 = 0, σ1

1 = σ2

2 (4)

Computing the linear dependence conditions (4) gives the following group param-
eters as a functions of other group parameters and the local coordinates {x1, x2, u1, u2,
p12, p

2
2} of R. In particular,

a21 = 0, b21 = 0, b22 =
b11a

2
2

a1
1

,

g212 = −a
1
1(Qb

1
2u1 + b11p

1
2 − b12p

2
2)

(b1
1
)3

, g211 =
a22(Qu1 − p22)

(b1
1
)
2

, (5)

g111 =

dQ
du2

u1
2a11 −Q2a11u1 +Qa11p

2
2 +Qa12u1 − a11p

1
2 − a12p

2
2

(b1
1
)
2

,

The expression for f212, f
2
11, f

2
21, f

2
22, g

2
22 is too long to be written out in full here.

The analysis of the semi-basic modified Maurer-Cartan forms φαβ , ψ
i
k, π

i
γ at the

obtained values of the group parameters gives the following normalizations:

a22 = a11b
1

1, c21 = 0, c22 = c11. (6)

The expression for f111 is too long to be written out in full here.
The analysis of the structure equations gives the following normalizations:

c12 = 0, c11 = 0, a12 =
1

2

a11(Qb
1
1 − b12)

b1
1

,

f112 =
1

12

4(b11)
4f121 + 8( dQ

du2

)(b11)
2u1 − (Qb11)

2 + 2Qb11b
1
2 − (b12)

2

(b1
1
)4

, (7)

f122 =
1

2

( dQ
du2

)
(

2Qb11u1 − b11p
2
2 − b12u1

)

− ( d2Q
du2

2 )b
1
1u1

2

(b1
1
)4

.

Regarding the appearance of different derivatives of Q(u) in the essential torsion
coefficients and with respect to vanishing or non-vanishing of these derivatives and
their effects on normalizations process, we have to impose some restrictions on the



4 MOSTAFA HESAMIARSHAD

function Q(u2). As a result of these restrictions, the following cases arise.

Case-1:

After normalization (7), if Q is a constant then we have the following structure
equations

dθ1 = φ11 ∧ θ1 −
1

2
ψ1

2 ∧ θ2 + ξ1 ∧ σ2

2 + ξ2 ∧ σ1

2 ,

dθ2 = φ11 ∧ θ2 + ψ1

1 ∧ θ2 − θ1 ∧ ξ1 + ξ2 ∧ σ2

2 ,

dξ1 = ψ1

1 ∧ ξ1 + ψ1

2 ∧ ξ2,
dξ2 = 2ψ1

1 ∧ ξ2, (8)

dσ1

2 = φ11 ∧ σ1

2 − 2ψ1

1 ∧ σ1

2 −
3

2
ψ1

2 ∧ σ2

2 + λ121 ∧ θ1 +

ω1

12 ∧ ξ1 + ω1

22 ∧ ξ2,

dσ2

2 = φ11 ∧ σ2

2 − ψ1

1 ∧ σ2

2 − ψ1

2 ∧ θ1 +
1

3
λ121 ∧ θ2 +

ω1

12 ∧ ξ2 + ξ1 ∧ σ1

2 .

The structure equations (8) do not contain any torsion coefficient depending on
the group parameters. The first reduced character is s′1 = 5, and the degree of
indeterminancy is 2. The Cartan involutivity test is not satisfied. Therefore we
should use the procedure of prolongation, which gives us the following structure
equations.

dθ1 = η1 ∧ θ1 − 1

2
η3 ∧ θ2 + ξ1 ∧ σ2

2 + ξ2 ∧ σ1

2 ,

dθ2 = η1 ∧ θ2 + η2 ∧ θ2 − θ1 ∧ ξ1 + ξ2 ∧ σ2

2 ,

dξ1 = η2 ∧ ξ1 + η3 ∧ ξ2,
dξ2 = 2η2 ∧ ξ2,

dσ1

2 = η1 ∧ σ1

2 − 2η2 ∧ σ1

2 −
3

2
η3 ∧ σ2

2 + η4 ∧ θ1 +

η5 ∧ ξ1 + η6 ∧ ξ2,

dσ2

2 = η1 ∧ σ2

2 − η2 ∧ σ2

2 − η3 ∧ θ1 + 1

3
η4 ∧ θ2 +

η5 ∧ ξ2 + ξ1 ∧ σ1

2 . (9)

dη1 =
1

2
η3 ∧ ξ1 + η4 ∧ ξ2,

dη2 =
2

3
η4 ∧ ξ2,

dη3 =
2

3
η4 ∧ ξ1 − η2 ∧ η3,

dη4 = −2η2 ∧ η4,
dη5 = −π1 ∧ ξ2 − η6 ∧ ξ1 + 2η3 ∧ σ1

2 − 2η4 ∧ σ2

2 + η1 ∧ η5 − 3η2 ∧ η5,

dη6 = −π1 ∧ ξ1 − π2 ∧ ξ2 −
10

3
η4 ∧ σ1

2 + η1 ∧ η6 − 4η2 ∧ η6 − 5

2
η3 ∧ η5.
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The forms η1, ..., η6 depend on differentials of the parameters of H , while the forms
π1, π2 depend on differentials of the prolongation variables.
In structure equations (9), the degree of indeterminancy is 2 and the reduced char-
acters of the coframe are s′1 = 2, s′2 = ... = s′12 = 0. Since the Cartan involutivity
test for the lifted coframe {θ1, θ2, ξ1, ξ2, σ1

2 , σ
2
2 , η1, η2, η3, η4, η5, η6} is satisfied, then

the coframe is involutive. Also all the essential torsion coefficients in the structure
equations (9) are constants, then from the Theorem 11.8 of [5], we have:

Theorem 2.1. The equation ut = κux + uxx is equivalent to the ut = uxx under a
contact transformation.

Case-2:

Suppose Q = κu2 + λ, is a linear function (κ 6= 0).
In this case the analysis of the structure equations gives the following extra

normalizations to (7).

a11 = 4κ(4κ2u1u2 + 4κλu1 − 4κp22)
−

2

3 ,

b11 =
1

2
κ(4κ2u1u2 + 4κλu1 − 4κp22)

1

3 ,

b12 =
1

2
(κu2 + λ)(4κ2u1u2 + 4κλu1 − 4κp22)

1

3 , (10)

f121 = −8κu1(4κ
2u1u2 + 4κλu1 − 4κp22)

−
2

3 ,

g112 = 6
3
√
2κu1(κ

2u1u2 + κλu1 − κp22)
−

2

3 ,

The expression for g122 are too long to be written out in full here. Now, all the group
parameters are expressed as functions of the local coordinates {x1, x2, u1, u2, , p12, p22}.
After normalization (10) the structure equations of coframe {θ1, θ2, ξ1, ξ2, σ1

2 , σ
2
2},

is

dθ1 = −2I

3
θ1 ∧ ξ1 − 1

3
θ1 ∧ σ2

2 + θ2 ∧ ξ2 + ξ1 ∧ σ2

2 + ξ2 ∧ σ1

2 ,

dθ2 = −θ1 ∧ ξ1 − I

3
θ2 ∧ ξ1 − 1

6
θ2 ∧ σ2

2 + ξ2 ∧ σ2

2 ,

dξ1 = θ2 ∧ ξ2 + 1

6
ξ1 ∧ σ2

2 ,

dξ2 = −2I

3
ξ1 ∧ ξ2 + 1

3
ξ2 ∧ σ2

2 , (11)

dσ1

2 = θ1 ∧ ξ1 − 8Iθ1 ∧ ξ2 − Iθ2 ∧ ξ2 − 1

2
θ2 ∧ σ2

2 + 40Iξ1 ∧ ξ2 +
4I

3
ξ1 ∧ σ1

2 − 13ξ2 ∧ σ2

2 −
2

3
σ1

2 ∧ σ2

2 ,

dσ2

2 = 6θ1 ∧ ξ2 − θ2 ∧ ξ1 − 2θ2 ∧ ξ2 + ξ1 ∧ σ1

2 + Iξ1 ∧ σ2

2 ,

where

I =
3
√
2(κ2u2ux + 2κλuux − κuut − κ(ux)

2 + λ2ux − λut + utx)κ
3

√

(κ2uux + κλux − κut)4

is the only invariant of the symmetry group o equations of the from Case-2.
Note that, the exterior differential of I is

dI =
1

2
θ2 +

4I2

3
ξ1 + 6ξ2 +

1

2
σ1

2 +
2I

3
σ2

2 .
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All derived invariants of the group are expressed as functions of I. Therefore, the
rank of the coframe, is 1 and our manifold is 6-dimensional and by theorem 8.22
from [5], we deduce the following theorem.

Theorem 2.2. The equation ut = (κu + λ)ux + uxx, (κ 6= 0) admits a contact
transformation symmetry group of dimension 5.

If Q is not a linear function, the analysis of the structure equations gives the
following normalizations in addition to (7).

a11 =
4
(

d2Q
du2

)2

(

dQ
du

)3
, b11 = −1

2

4
(

dQ
du

)2

(

d2Q
du2

) , (12)

b12 = −1

2

(

dQ
du

)(

−2
(

d2Q
du2 ux

)

+
(

dQ
du

)

Q
)

(

d2Q
du2

) .

The expression for f121, g
1
22, g

1
12 are too long to be written out in full here. Now, all

the group parameters are expressed as functions of the local coordinate.

In case that, d3Q
du3 is nonzero, then an invariant of the form:

2(
d2Q

du2
)2 − (

d3Q

du3
)(
dQ

du
) (13)

could be computed at which vanishing or non-vanishing of this invariant leads into
different results. In what follows, we will investigate these issues. Note that, ac-
cording to our computations, vanishing of (13) or being Q(u) of quadratic type
leads, on the type and number of these invariants, into the same results.

Case-3:

Q(u) is a quadratic polynomial or

2(
d2Q

du2
)2 − (

d3Q

du3
)(
dQ

du
) = 0,

d3Q

du3
6= 0. (14)

If (14) satisfied then the structure equations of the coframe are

dθ1 = J3θ
1 ∧ ξ2 − 8J1θ

2 ∧ ξ1 + J2θ
2 ∧ ξ2 + ξ1 ∧ σ2

2 + ξ2 ∧ σ1

2 ,

dθ2 = −θ1 ∧ ξ1 + J3

3
θ2 ∧ ξ2 + ξ2 ∧ σ2

2 ,

dξ1 = θ1 ∧ ξ2 + θ2 ∧ ξ2 − (16J1 +
J3

2
)ξ1 ∧ ξ2, (15)

dξ2 = 0,

dσ2

2 = −16J1θ
1 ∧ ξ1 + 2(20J1 − J2)θ

1 ∧ ξ2 − J2θ
2 ∧ ξ1 − θ2 ∧ σ2

2 −
(64J1

2 + 4J1J3 − 8J1 + J2)θ
2 ∧ ξ2 + ξ1 ∧ σ1

2 − ξ2 ∧ σ1

2 −
J3

2
ξ2 ∧ σ2

2 .

The expression for dσ2
2 is too long to be written out in full here.

If Q(u) is a quadratic polynomial then the structure equations of coframe is different
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from (15), and expressed only by {J1, J2, J3}, where

J1 =

(

d2Q
du2

)3 ((

d2Q
du2

)

ux
2 −Q

(

dQ
du

)

ux +
(

dQ
du

)

ut

)

(

dQ
du

)6
,

J2 = −
4
(

d2Q
du2

)3

(

dQ
du

)9

((

dQ

du

)4

Qux +

(

d2Q

du2

)(

dQ

du

)3

ux
2 − (16)

2

(

d2Q

du2

)(

dQ

du

)2

Q2ux + 6

(

d2Q

du2

)2 (

dQ

du

)

Qux
2 −

4

(

d2Q

du2

)3

ux
3 + 2

(

d2Q

du2

)(

dQ

du

)2

Qut − 6

(

d2Q

du2

)2 (

dQ

du

)

uxut

−2

(

d2Q

du2

)(

dQ

du

)2

utx −
(

dQ

du

)4

ut

)

,

J3 = −
8
(

d2Q
du2

)2
(

(

dQ
du

)3

ux + 2
(

d2Q
du2

)3

ux
2 − 2

(

d2Q
du2

)(

dQ
du

)

Qux + 2
(

d2Q
du2

)(

dQ
du

)

ut

)

(

dQ
du

)6
,

are invariants of the symmetry group of an equation from Case-3.
All derived invariants of the group are expressed as functions of {J1, J2, J3}. There-
fore the rank of the coframe, is 3. Again by theorem 8.22 from [5], we have

Theorem 2.3. If Q(u) is a quadratic polynomial or satisfy 2(d
2Q
du2 )

2−(d
3Q
du3 )(

dQ
du

) = 0,

( d3Q
dux

3 6= 0) then, the equation ut = Q(u)ux + uxx, admits a contact transformation
symmetry group of dimension 3.

Case-4:

We will make the following assumption for (1):

2(
d2Q

du2
)2 − (

d3Q

du3
)(
dQ

du
) 6= 0,

d3Q

du3
6= 0. (17)
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The structure equations of the coframe, in this case, is

dθ1 = −J4θ1 ∧ θ2 + (4J1J3J4 + J3 + 32J1
2J4 +

1

8
J3

2J4 + 8J1J4)θ
1 ∧ ξ2 −

(16J1
2J4 + 2J1J3J4 +

1

16
J3

2J4 − 8J1)θ
2 ∧ ξ1 + J4(16J1 + J3)

2
θ1 ∧ ξ1 +

(64J1
3J4 +

1

64
J3

3J4 + 16J1
2J4 + 12J1

2J3J4 +
3

4
J1J3

2J4 + J1J3J4 +

J2)θ
2 ∧ ξ2 + ξ1 ∧ σ2

2 + ξ2 ∧ σ1

2 ,

dθ2 = −θ1 ∧ ξ1 + J4(16J1 + J3)

4
θ2 ∧ ξ1 + (2J1J3J4 +

1

2
J3 + 16J1

2J4 +

1

16
J3

2J4 + 4J1J4)θ
2 ∧ ξ2 + ξ2 ∧ σ2

2 , (18)

dξ1 = θ1 ∧ ξ2 − J4

2
θ2 ∧ ξ1 + (1− 4J1J4 −

1

4
J3J4)θ

2 ∧ ξ2 +

(2J1J3J4 − 16J1 −
1

2
J3 + 16J1

2J4 +
1

16
J3

2J4 − 4J1J4))ξ
1 ∧ ξ2,

dξ2 = −J4θ2 ∧ ξ2 +
J4(16J1 + J3)

2
ξ1 ∧ ξ2.

The expression for dσ1
2 , dσ

2
2 are too long to be written out in full here.

There is an invariant extra to (16), for the symmetry group of equations from case4,
which is

J4 =
2(d

2Q
du2 )

2 − (d
3Q
du3 )(

dQ
du

)

(d
2Q
du2 )2

.

All derived invariants of the group are functionally expressed as functions of
{J1, J2, J3, J4}. The rank of the coframe, is 4, therefore we have:

Theorem 2.4. If Q(u) satisfy, 2(d
2Q
du2 )

2 − (d
3Q
du3 )(

dQ
du

) 6= 0 and (d
3Q

du3

1

6= 0) then, the

equation ut = Q(u)ux + uxx, admits a contact transformation symmetry group of
dimension 2.

3. Conclusion

In this paper, the moving coframe method of [4] is applied to the local equiv-
alence problem for a class of systems of the general form of Burgers’ equations
under the action of a pseudo-group of contact transformations. We have found four
subclasses and showed that every type of the general form of Burgers’ equations
belongs to a system from one of these subclasses. The equivalence condition of first
subclass, structure equations and invariants for all subclasses are found.

————————————————————–
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