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ABSTRACT. We introduce topological definition of asymptotic average shadowing property.
We show that this property implies that every two disjoint points in the space are proximal.

1. Introduction

The pseudo-orbit tracing property is one of the most important notions in dynamical
systems, which is closely related to stability and chaos of systems . This concept is motivated
by computer simulations. More precisely, let X be a set and f : X — X be a map. Then
in the computation of f with initial value zo € X, computer approximates f(zg) by some
point z1. To continue the process, it computes the value z2 as an approximation of f(x1) and
so on. For formulating this concept we have to use the ‘distance’ between points to control
approximation errors. In a metric space (X, d) one can approximates points using metric d
and define a pseudo-orbit with error § as a sequence xg, x1, ... with d(zj41, f(x;)) < 6 for all
j > 0. However, for general topological spaces such a distance cannot be found unless we have
somewhat more structure than what the topology itself provides. This issue will be solved
if we consider a completely regular topological spaces which is equipped with an structure,
called uniformity, enabling us to control the distance between points in these spaces. Using
this structure, Das et al. generalized the usual definitions of shadowing, and chain recurrence
for homeomorphisms to topological spaces. Then, we [1] proved that a dynamical system with
ergodic shadowing is topologically chain transitive. Wu [2] introduced the topological con-
cepts of weak uniformity, uniform rigidity, and multi-sensitivity and obtained some equivalent
characterizations of uniform rigidity. Then, we [3] proved that a point transitive dynamical
system in a Hausdorff uniform space is either almost (Banach) mean equicontinuous or (Ba-
nach) mean sensitive. Recently, we [?] generalized concepts of entropy points, expansivity
and shadowing property for dynamical systems to uniform spaces and obtained a relation
between topological shadowing property and positive uniform entropy. Good and Macias [4]
obtained some equivalent characterizations and iteration invariance of various definitions of
shadowing in the compact uniform spaces.
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Nevertheless when calculating approximate trajectories, it makes sense to consider errors
small on average, since controlling them in each iteration may be impossible. The notion
of average pseudo-orbit introduced by Blank in 1988. In a metric space (X,d) an aver-
age pseudo-orbit with error § is a sequence xg,x1,... for which there is N € N such that
1 Z?:_Ol d(zjqp41, f(xjqr)) <O for any n > N and k € N. The average shadowing property is
related to finding an averagely close real orbit for any average pseudo-orbit. But in a general
topological space we need some method to control the average of errors in a pseudo-orbit

Motivated by mentioned ideas, We introduced average shadowing property on uniform
spaces. [5]

Here we show that asymptotic average shadowing property can be defined in a natural way
on uniform spaces. In order to do this, we control the average of errors of a pseudo-orbit in
a non-metrizable topological space via infinite sequences of neighborhoods of diagonal. Then
we prove that asymptotic average shadowing property implies topological chain transitivity.

2. Topological asymptotic average shadowing property

Denote by ¥ the family of all sequences & = {E;}°, of entourages in % with Ey =
X x X, such that E;y; C E; for all i € Ny. For a sequence & = {E;}°, € Y%, a map
f:X — X and a sequence £ = {xg,z1,...} in X we define

Au(€,£.€) = Aule, F.AB}Z, mf{ZQ;J)r (2341, /(51)) € Eagyyr0 € NGl meN

n

:Zinf{W’ (xj+1,f( ))EE UEN} n €N,

=0
and
An(€7zaf¢8) = An(§>z7 f: {Ez}z lnf{z x]? ( )) € E y O € N }
where N is the set of all maps from {0,1,... ,n} to No = NU {0}.

REMARK 2.1. Let (X, %) be a compact uniform space and f : X — X be a continuous
map. If &€ = {E;}7°, € ¥4 and & = {z;};2, be a sequence in X, then for any m,n,k € N we
have

(1) 0<AR(E f,6) <y

(3) An(€, £ {E}S,) = %An(g f. {E; ;>°0) Where El=E;fori>1and E) = X xX.

(4) An(& FAEZ0) < Aulé, fi{Ei}2,), where E] = Ey;

(5) Aman(&E, f,E) = Am(&, f,E) + An(T™(€), f,&), where T : XNo — XNo ig the shift
map

DEFINITION 2.2. [5] For D € ¥4, a topological average D-pseudo-orbit of f is a sequence
{z;} in X such that lim, e 2A4,(&, f,D) = 0. Let € = {E;} € Sy . We say that the
sequence {x;} is £-shadowed on average by some point z € X, if lim,, %An(ﬁ, z, f,E)=0
We say that the map f has the topological average shadowing property TASP, if for every
€ = {E;} € Xy, there exists D = {D;}°, € Y4 such that every topological average D-
pseudo-orbit is £-shadowed on average by some point of X.

If (X,d) is a compact metric space, then for any neighborhood U of Ax, we can find
& > 0 such that V5 C U. On the other hand, every V(; is a neighborhood of Ax. Moreover
if {x;} is a topological average {Vd} pseudo-orbit, then lim, o LA, (&, f, {Vd }) = 0 and

there exists N € N such that %An(f, f{V3i}) <1 for n > N. One can easﬂy check that
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DEFINITION 2.3. An asymptotic-average-pseudo-orbit is a sequence {z;} in X such that
for each D € ¥4 we have

nlgrolo - mf{z 5o ]) (frj-1,75) € Do(jy,0 € Ng} =0

We say that the sequence {z;} is asymptotically shadowed on average by some point
y € X, if for each £ = {E} € Y9, we obtain

nh%n;o - mf{z 5 ]) (f(x),75) € Dy(jy,0 € Ng} =0

DEFINITION 2.4. A map f is said to have the asymptotic average shadowing property, if
every asymptotic-average-pseudo-orbit of f can be asymptotically shadowed on average by
some point in X.

DEFINITION 2.5. A map f is said to have the weak asymptotic average shadowing property,
if if for every &€ = {E;} € ¥4 and any asymptotic pseudo-orbit £ = {z;}, there exists z € X
such that lim,_yeo %An(f, z, f,€) =0.

The following example shows that AASP = TASP.
EXAMPLE 2.6. Let X = {a,b,c}. Consider following subsets of X x X

Up = Ax U{(a,b), (b,a)} Ui = Ax U{(a,b),(b,a),(a,c)}

Uz = Ax U {(a,b), (b, a), (a,¢), (¢, a)} Us = Ax U {(a,b), (b,a),(a,c), (b,c)}

Uy = Ax U{(a,b),(b,a),(a,c),(c,b)} Us = Ax U{(a,b), (b,a),(c,a)}

Us = Ax U {(a,b), (b, a), (¢, a), (b, ¢)} Ur = Ax U{(a,b), (b,a),(c,a), (¢, b)}

Us = Ax U{(a,b), (b,a),(b,c)} Ug = Ax U{(a,b),(b,a),(c,b)}

Uio = Ax U {(a,b), (b, a), (b, ¢), (¢, )} Un = Ax U {(a,b), (b, a), (b, ¢), (¢,b), (a,¢).}
Ui = Ax U{(a0), (), (b,6), (e,D), (@)} Ut = Ax U{(a,), (b,a), (b, ), (1, )-(c )}
Uis = Ax U {(a,b), (b, a), (¢, b), (a,¢).(c; a) }

Then % = {Uy, Uy, Us, ...,U1s, X x X} is a uniformity on X for which 7, = {0, {a, b}, {c}, X}.
Let f: X — X be a permutation defined by f(a) = b, f(b) = a and f(c) = ¢. Then f is
uniformly continuous. We show that f does not have the average shadowing property. Let
Ey=X xX and E; = Uy for all i > 1. Then £ = {E;} € X9 . Put 9 = a and for each i € N
and k > 0 define
_{ﬂ@ if 2% << 2%
TTU e i 22l << gkt

In other word

To,T1,T9, - = a,b, ¢,c,a,b,a,b,c,c,...,c,a,b,a,b,...,b,c,c,...,c,c,....
~ N —— N———

2 2 4 8 16 32

Let & = {z;}. Since any element of % contains (a,b) and (b, a), we obtain

1, .= 1 ny o 2(k+1
Elnf{z W : (f(.fU]fl),.'L']) S DU(]),O‘ S NO} S ( n )
J=1
2(k+1)
2k 7

for 28 < n < 28! and arbitrary D = {D;} € £4. That is £ is an average D-pseudo-orbit.
For 2F < n < 2F+1 we obtain
Ek 92i—1

Anlsa,£.6) = L An(6b£,6) = S
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Therefore £ could not be £-shadowed in average by any point in X. This implies that f
does not have the topological average shadowing property. It is easy to show that f has the
topological shadowing property and topological asymptotic average shadowing

PROPOSITION 2.7. Let (X, f) be a dynamical system with uniform space. Then f has the
asymptotically average shadowing property if f* has for every k € N.

Let f : X — X be a homeomorphism of uniform compact Hausdorff space. Points
x,y € X are called proximal if closure O((X,Y)) of the orbit of (z,y) under f x f intersects
the diagonal A = {(z,z) € X x X : z € X}. Denote by PR(X, f) the set of all pairs (x,y)
where x and y are proximal.

THEOREM 2.8. Let (X, %) be a uniform space and f : X — X be continuous function. If
f has the asymptotically average shadowing property, then (x,y) € PRo PR(X, f).

THEOREM 2.9. Let (X, %) be a uniform space and f : X — X be continuous function. If
f has the asymptotically average shadowing property, then (x,y) € PRo PR(X, f).

COROLLARY 2.10. Let (X, %) be a compact uniform space and f be a continuous map
from X onto itself. If f has asymptotic average shadowing property, then every point x € X
1s topological chain recurrent point.
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