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Abstract. In this paper, we study certain conditions that a multiply warped product
could be a gradient Ricci harmonic-Bourguignon soliton. Also, we obtain some conditions
that potential function be constant and consequently multiply warped product be a
harmonic-Einstein manifold.
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1. Introduction

Let (M, g) and (N,h) be complete Riemannian manifolds and φ : M −→ N be a criti-
cal point of the energy integral E(φ) =

∫

M
|∇φ|2dvg, where N is isometrically embeded in

R
d, d ≥ n. By a one parameter family of Riemannian metrics (g(x, t), φ(x, t)), t ∈ [0, T )

and a family of smooth functions φ(x, t), a Ricci harmonic-Bourguignon flow on manifold
M is defined as

∂

∂t
g(x, t) = −2Ric(x, t) + 2ρR(x, t) + 2α∇φ(x, t)⊗∇φ(x, t),

∂

∂t
g(x, t) = τgφ(x, t).

Here α and ρ are positive constants, Ric is the Ricci tensor of M , R is the scalar curvature,
and τgφ is the intrinsic Laplacian of φ which denotes the tension field of map φ [?]. The
system (M, g,X, λ, ρ, φ) is said to define a Ricci harmonic-Bourguignon soliton (RHBS for
short) when it satisfies in the following coupled equation

Ric +
1

2
LXg = λg + ρRg + α∇φ⊗∇φ,

τgφ− LX∇φ = 0,
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where λ, α and ρ are constants, R is scalar curvature and φ is a smooth function φ :
(M, g) → (N,h) where M and N are static Riemannian manifolds. In definition of RHBS
if X = ∇f , which f is a smooth function on M , then we say M is a gradient Ricci-
harmonic-Bourguignon soliton (GRHBS for short). In this case we have

Ric + Hessf − ρRg − α∇φ⊗∇φ = λg

τgφ− < ∇φ,∇f > = 0.(1)

The function f is called the potential. The GRHBS is steady, expanding or shrinking if
λ = 0, λ < 0 or λ > 0 respectively. Actually gradient Ricci solitons are a particularly
interesting family of Ricci solitons. These arise as self similar solutions of the Ricci flow
under certain conditions. If in (1), α = 0 or φ is a constant function, then it defines
gradient Ricci Bourguignon soliton and if ρ = 0, then it defines gradient Ricci-harmonic
soliton. For more study about these kind of solitons see [?,1].
Let (Br, gB) and (Fms

s , gFs
) be semi-Riemannian manifolds for 1 ≤ s ≤ l and M =

B×F1×F2×...×Fl be an n-dimentional semi-Riemannian manifold. Let bs : B −→ (0,∞)
be positive smooth functions for 1 ≤ s ≤ l. The multiply warped product manifold is
the product manifold M = B ×b1 F1 ×b2 F2 × ... ×bl Fl endowed with the metric tensor
g = π∗(gB) ⊕ (b1 ◦ π)2σ∗

1(gF1
) ⊕ ... ⊕ (bl ◦ π)2σ∗

l (gFl
), where π and σ are the natural

projections on B and Fi, respectively [?]. In [?], Fatma Karaca studied about the necessary
conditions for a multiply warped product to be a gradient Ricci-harmonic soliton. Till now
so many different results have been found about the sufficient conditions for a multiply
warped product and also doubly warped product to be different kinds of Ricci soliton
such as gradient Ricci solitons, gradient harmonic solitons and gradient Yamabe solitons.
Motivated by those work we studied some conditions that a multiply warped product could
be a GRHBS.

2. Main results

We shall denote ∇, ∇B and ∇Fs
; Ric, RicB and RicFs

; ∆, ∆B and ∆Fs
; the Levi-civita

connections, the Ricci tensors and the Laplacians of M , B and F respectively. Here is our
main results. First of all we want to characterize the harmonic map φ by means of the
potential function f . For this aim we obtain:

Proposition 2.1. Let (M = B×b1 F1×b2 F2× ...×bl Fl, g, f, φ, λ, ρ) be a GRHBS on a
multiply warped product with non-constant harmonic function φ, then for a neighborhood
V around (p, q1, ..., ql), it can be shown like φ = φB ◦ π or φ = φFs

◦ σs for 1 ≤ s ≤ l iff
h = hB ◦ π.

Now we want to know the structure of RicB and RicFs
for a multiply warped product

which could be a GRHBS.

Theorem 2.2. Let M = B ×b1 F1 ×b2 F2 × ... ×bl Fl be a multiply warped product
manifold. M is a GRHBS iff
1) For φ = φB ◦ π we have

{

RicB −
∑l

s=1

ms

bs
HessB(bs) + HessBhB − ρRgB − α∇BφB ⊗∇BφB = λgB,

∆wφB = 0 in B.
(2)

Here ∆w = ∆− < ∇,∇w >, w = h −
∑l

s=1
mslog(bs). Fs is Einstein manifold for all

1 ≤ s ≤ l with RicFs
= µsgFs

, where

µs = λb2s + bs(∆Bbs) + (ms − 1)∥∇Bbs∥
2 + bs∇BhB(bs)
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+

l
∑

k=1,k ̸=s

mk

bk
gB(∇Bbs,∇Bbk)bs + ρRb2s.

2) For φ = φFs
◦ σs, we have

(3) RicB −
l

∑

s=1

ms

bs
HessB(bs) + HessBhB − ρRgB = λgB,

and Fs are harmonic-Einstein manifolds so that
{

RicFs
− α∇Fs

φFs
⊗∇Fs

φFs
= µsgFs

∆Fs
φFs

= 0
(4)

which for all 1 ≤ s ≤ l, we have

µs =λb2s + ρRb2s + bs(∆bbs) + (ms − 1)∥∇Bbs∥
2 + bs∇BhB(bs)

+

l
∑

k=1,k ̸=s

mk

bk
gB(∇Bbs,∇Bbk)bs.

Now, we give some results for the potential function and harmonic function with use
of maximum principle and give some conditions that cause the multiply warped product
M to be a harmonic-Einstein manifold.

Theorem 2.3. Suppose that M = B×b1 F1×b2 F2× ...×bl Fl is a GRHBS on multiply
warped product with non-constant harmonic map φ.
1) For 1 ≤ s ≤ l, either φ = φB ◦ π or φ = φFs

◦ σs, it is a constant function and M is a
gradient Ricci-Bourguignon soliton if φB or φFs

has the maximum or minimum in B and
Fs.
2) For λ, ρ,R ≥ 0, hB reaches the maximum or minimum in B and h = hB ◦ π is a
constant map. Therefore M is a harmonic-Einstein manifold.

We consider a GRHBS on a multiply warped product with harmonic map φ = φB ◦ π
when the base manifold is conformal to an n-dimentional semi-Euclidean space, invariant
under the action of an (r − 1)-dimentional tranlation group. Let M = (Rr, ϕ−2gR) ×b1

F1 ×b2 F2 × ...×bl Fl be a multiply warped product endowed with the metric tensor

(5) g =
1

ϕ2
gR + b21gF1

+ ...+ b2l gFl
,

which here gR is the canonical semi-Riemannian metric and φ is the conformal factor.
Actually, we have the semi-Riemannian metric (gR)i,j = ϵiδi,j in the coordinates x =
(x1, ..., xr) of R

r, ϵi = ±1. We consider the function ξ(x1, ..., xr) =
∑r

i=1
βixi, where

βi ∈ R. We take φ = φB ◦ π for the next theorem.

Theorem 2.4. Let M = R
r ×b1 F1×b2 F2× ...×bl Fl be a multiply warped product with

non-constant harmonic map φ and bs = bs ◦ ξ, h = h ◦ ξ, φ = φ ◦ ξ, ϕ = ϕ ◦ ξ defined in
(Rr, ϕ−2gR) endowed with the metric (5), then M is a GRHBS iff the functions bs, h, φ
and ϕ satisfy in the following equations:

(6) (r − 2)
ϕ

′′

ϕ
−

l
∑

s=1

ms

b
′′

s

bs
− 2

1
∑

s=1

ms

b
′

s

bs

ϕ
′

ϕ
+ h

′′

+ 2
ϕ

′

ϕ
h

′

− α(φ)2 = 0,
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(7)

(

ϕ
′′

ϕ
− (r − 1)

(

ϕ
′

ϕ

)2

+

l
∑

s=1

ms

b
′

s

bs

ϕ
′

ϕ
−

ϕ
′

ϕ
h

′

)

∥β∥2 =
λ+ ρR

ϕ2
,

(

b
′′

s

bs
− (r − 2)

ϕ
′

ϕ

b
′

s

bs
+ (ms − 1)

(

b
′

s

bs

)2

+

l
∑

k=1,k ̸=s

(

mk

b
′

s

bs

b
′

k

bk

)

+
b
′

s

bs
h

′

)

∥β∥2

=
µs

b2sϕ
2
−

λ+ ρR

ϕ2
,(8)

(9)

(

φ
′′

− (r − 2)
ϕ

′

ϕ
φ

′

+
1

∑

s=1

ms

b
′

s

bs
φ

′

− φ
′

h
′

)

∥β∥2 = 0.

Now, we consider a GRHBS on a multiply warped product with harmonic map φ =
φFs

◦ σs when the base manifold and fibers are conformal to r-dimentional and mi-
dimentional semi-Euclidean spaces, invarient under the action or (r − 1)-dimentional
and (mi − 1)-dimentional translation groups for 1 ≤ i ≤ l, respectively. Let M =
(Rr, ϕ−2gR)×b1 (R

m1 , τ−2

1
gR)×b2 (R

m2 , τ−2

2
gR)× ...×bl (R

ml , τ−2

l gR) be a multiply warped
product endowed with the metric tensor

(10) g =
1

ϕ2
gR + b21

1

τ2
1

gR + ...+ b2l
1

τ2l
gR,

here ϕ and τi for 1 ≤ i ≤ l are the conformal factors of base and fibers, respectively. We de-
fine function ζs for nonzero arbitrary vectors a = (ar+1, ..., ar+ms

) and y = (xr+1, ..., xr+ms
)

as follows

ζs(xr+1, ..., xr+ms
) = ar+1xr+1, ..., ar+ms

xr+ms
.

Theorem 2.5. Let M = R
r×b1 R

m1 ×b2 R
m2 × ...×bl R

ml be a multiply warped product
with non-constant harmonic map φ = φFs◦σs

and bs = bs◦ξ, h = h◦ξ, ϕ = ϕ◦ξ, φ = φ◦ζs
defined in (Rr, ϕ−2gR) and (Rms , τ−2

s gR) for 1 ≤ s ≤ l with the metric tensor (10), then
M is a GRHBS iff the functions bs, h, ϕ, φ satisfy

(11) (r − 2)
ϕ

′′

ϕ
−

l
∑

s=1

ms

b
′′

s

bs
− 2

l
∑

s=1

ms

b
′

s

bs

ϕ
′

ϕ
+ h

′′

+ 2
ϕ

′

ϕ
h

′

= 0,

(12)

(

ϕ
′′

ϕ
− (r − 1)(

ϕ
′

ϕ
)2 +

l
∑

s=1

ms

b
′

s

bs

ϕ
′

ϕ
−

ϕ
′

ϕ
h

′

)

∥β∥2 =
λ+ ρR

ϕ2
,

(

bsb
′′

sϕ
2 − (r − 2)ϕϕ

′

bsb
′

s + (ms − 1)ϕ2(b
′

s)
2 +

l
∑

k=1,k ̸=s

(

mkϕ
2
b
′

k

bk
bsb

′

s

)

+ bsb
′

sϕ
2h

′

)

∥β∥2

+(λ+ ρR)(bs)
2 = [τsτ

′′

s − (ms − 1)(τ
′

s)
2]∥a∥2,(13)

(14) (ms − 2)
τ

′′

s

τs
− α(φ

′

)2 = 0,

(15) (φ
′′

τ2s − (ms − 2)τsτ
′

sφ
′

)∥a∥2 = 0.
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