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On the dynamics of lattice networks
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ABSTRACT. Let (L,<) be a finite lattice and f : L™ — L" be a lattice network over
dependency graph G = (V, E). We prove that f is a fixed-point system. Also we analyse
fixed points of f is some special cases.
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1. Introduction

Finite dynamical systems play a crucial role in studying problems of several differ-
ent contexts. In particular, these mathematical models, which naturally arise in computer
processes, are profusely used in other sciences as biology, mathematics, physics, chemistry,
or even sociology. Some relevant examples of finite dynamical systems are (finite) cellular
automata and, more generally, deterministic Boolean networks, also called Boolean finite
dynamical systems, diffusion models and recently semilattice networks (see [4,5]. It is
worth remarking that semilattice networks are generalization of conjunctive Boolean net-
works in [3] and some diffusion models that studied in [2] and the results of [5] recovers
and extends some main theorems of those researches.

The benefit of finite dynamical systems is that they can be easily simulated on a com-
puter in most cases and the difficulty is that few analytical devices beyond simulation are
available. A common combinatorial device to study dynamics of models is the dependency
graph that extensively has been used in Boolean networks, diffusion models and recently in
the study of semilattice networks. Actually, [5] provides a general mathematical (algebraic
and combinatorial) method to study semilattice networks.

A partially ordered set (L, <) is called a join-semilattice if each two-element subset
{a,b} C L has a join (i.e. least upper bound, denoted by a V b), and is called a meet-
semilattice if each two-element subset has a meet (i.e. greatest lower bound, denoted by
aAD). (L,<) is called a lattice if it is both a join- and a meet-semilattice.

Let (L, <) be a finite meet-semilattice (or join-semilattice). A finite dynamical system

=, fn) LT = L,
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is called a semilattice network when f; = /\xielj x; for all j = 1,...,n where I; is the
set of variables that influence the variable x; (or f; =V . I, Ti forall j =1,...,n). In

this paper, we introduce and study the concept of lattice network. Let (L, <) be a finite
lattice. We say that a finite dynamical system

f: (fla"')fn) : Ln_>Ln7
is a lattice network when for each j = 1,...,n, f; = /\a:,-elj x; or fj = vCCite z;. Note
that the notion of lattice network is a generalization of the notion of AND-OR network
where L = {0,1}, A= AND, and V = OR. Also note that AND-OR networks have been
studied well in the literature. In the following, we assume that f is a lattice network. The
dynamics of f is characterized by its phase space which is the directed graph with vertex
set L™ and each (u,v) is a directed edge if f(u) = v. A limit cycle of length ¢ is a set
with ¢ elements {uj, uy,...,u;} such that f(u;) =u;q1 fori=1,...,t—1and f(u;) = uy.
All elements of that limit cycle are called periodic points of period t. If ¢ = 1 then uy
is called a fixed point and if all periodic points of f are fixed points then f is called a
fixed-point network (system). Note that since L is a finite set, each u € L™ converges to
a periodic point ( there exists & > 0 such that f¥(u) is a periodic point). Dependency
graph associated to f is a directed graph G = (V, E) on the vertex set V = {1,2,...,n}
with the edge set
E ={(i,j) | the function f; depends on x;}

which is a powerful combinatorial tool that is used for detecting cycle structure of the
network without direct computation of the phase space. In this paper, we assume that for
each 1 < i <n, (i,i) € E which means that each function f; depends on x; (Note that in
many research papers this assumption has a crucial role in the study of the network), and
we show that f is a fixed-point network.

2. Main results

Let (L,<) be a finite lattice and f : L™ — L™ be a lattice network. In this section
we show that f is a fixed-point system. Before presenting the main result let us give an
example of lattice network.

EXAMPLE 2.1. Let L = {1,2,3,6}. Define < in L by
a <b if and only if a divides b.

So, by a A b we mean the greatest common divisor of @ and b, and by a V b we mean the
least common multiple of a and b.
Now define f : L3 — L3 by f(x1,72,23) = (21 V 22,22 Ax3, 23V z1). Then the depen-
dency graph of fis G = (V, E) where V = {1,2,3} and £ = {(1,1), (2,1), (2,2), (3,2),(3,3),(1,3)}.
One can check that f is a fixed-point system and
fiz(f) = {(a,b,a) € L | b| a and a | ¢}
Now we are ready to present our main result.

THEOREM 2.2. Let (L,<) be a finite lattice and f : L™ — L™ be a lattice network.
Then f is a fized point system.

PRrOOF. Let G = (V, E) be the dependency graph of f. Since f is a lattice network,
there exists I,J C {1,...,n} JUJ ={1,...,n}, INJ = 0) such that for each j € I,
fi =% NN\ jyep s and for each j € J, fj = x; V V(, jjep s Let a = (a,...,al) be
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a t-periodic point of f. We show that a is a fixed point of f. For each 1 < r < ¢ let
fr(a) =(af,...,a;) and let Ly :={a] | 1 <i<n,0<r <t} Foreachbe L define A4,
(0<r<t)as

Arp={jel]a;=0b}

Since a is a t—periodic point, it is clear that Ag, = Ay for all b € Ly.

Suppose that b is a minimal element of L;. Let 0 < r <t —1 be such that j € A,,,
then by f; =z A \(; jep ©s, We have agﬂ = aj A N\ jyep @ S0 a?“ < a} = b and by
the minimality of b in L;, We get agH = b which shows that j € A,;1; and so for each

0<r<t—1,4,, C A1 pmThus
Agp CA1p C--- C Arp = Aoy

In particular,
Aop = A1y

Now suppose that b € Ly is a cover of some minimal element of L. Let 0 < r <t —1

be such that j € A,;. As previous paragraph, we can show that agH < a; =b If

a"tt < aj, then a" "1 is a minimal element of L; and so A, gre1 = A 1 and it shows
b b ]

J J a”
J
that ag = agﬂ which is a contradiction. So agﬂ = a;

each0<r <t—1,A4,, C A1 So,

and again we conclude that for

Agp C A1 C - C Ay = Aoy,

and we have

Agp = At p.
Continuing this process, we finally conclude that
(1) Vb e L1, Aop = A1p

Now for each b € Ly define B, (0 <r <t) as
By={j€J|a;=0}

Since a is a t—periodic point, it is clear that By, = By for all b € L. Suppose that
b is a maximal element of L;. Let 0 < r < ¢ — 1 be such that j € B,j, then by f; =
2 V'V (5.5 e Ts, Wwe have a;H =aiV\V (s ep s Sob=aj < a;fH and by the maximality
of bin Ly, We get a?“ = b which shows that j € A,;1; and as above this yields to the
fact that
Agp = Arp

Next we do the same method for an arbitrary element of L; which is covered by a maximal
element of L1 and continuing in this way we get that

(2) Vbe Ly, Agp = A1y
Now by equations (1) and (2), a is a fixed point of f. O

We remark that Theorem 2.2 is an extension of [?, Theorem 1] where f is finite Boolean
dynamical system and A,V are AN D, OR respectively. Next we study some special cases.

COROLLARY 2.3. Let (L,<) be a finite lattice and f : L™ — L™ be a lattice network
with dependency graph G = (V, E). Then the following holds.
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(i) If for each 1 < j <mn, f; = /\(s,j)eE xs, then an arbitrary point a = (a1,...,an)
converges to the fized point by = (b1, ...,by) where for each 1 < i < n,

bi = /\ Qg

there is a directed path from s to i
(ii) If for each 1 < j < n, f; = V(s,j)eE xs, then an arbitrary point a = (a1,...,an)
converges to the fized point by = (b1, ...,by) where for each 1 < i < n,

b; = \/ Qs

there is a directed path from s to i

(iii) If f is as (i) or (i), and G is strongly connected then an arbitrary point a =
(a1,...,ayn) converges to the fized point by = (b1, ..., by,) where for each 1 <1i <
n, by = \i<s<p @s and in particular a = (a1, ..., ay,) is a fived point of f if and
only ifay = - - = ap.

3. Conclusion

Let f be a lattice network over a dependency graph G = (V, E). We prove that f is a
fixed-point system provided that all vertices of G have a self-loop.
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