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Abstract

The quadratic reciprocity law was proved by Gauss who produced six different proofs of
this law in his life. Although there are different proofs of this well-known theorem, we adopt
concepts from linear algebra to calculate the Gauss sum and give a different proof of this
theorem.
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1 Introduction
Let p be an odd prime and a an integer. The Legendre symbol (a

p
) is defined to be 1 if the

quadratic equation x2 ≡ a( mod p) has a solution, otherwise (
a

p
) = −1. If (a

p
) = 1, then a is

called a quadratic residue modulo 1, otherwise a non-quadratic residue modulo 1.
Let p and q be district odd primes, then the quadratic reciprocity law states that

(
p

q
)(
q

p
) = (−1)

(p− 1)(q − 1)

4

This law first proved by Gauss in 1801 [3], while he was only 19 years old, but he proved six
different proof of this law in his life time. Up to present time many different proofs of this law has
been published whose number exceeds 150, see [1]. The proofs use number theory, trigonometry,
character theory, etc. For an elementary proof see [4]. In this paper we present a proof that
uses linear algebra.

2 Preliminaries
Let A be an abelian group. If the composition law in A is written addively a character of A
is a function χ : A −→ C× such that χ(x + y) = χ(x)χ(y), for all x, y ∈ A, If the law of
composition in A is written multiplicatively χ(xy) = χ(x)χ(y), where C× denotes the non-zero
complex numbers under multiplication.
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Let p be an odd prime. Then χ : Z×
p −→ C defined by χ(a) = (

a

p
), a ∈ Z×

p , is a character

because of the property of the Legendre symbol (ab
p
) = (

a

p
)(
b

p
). Let ξ be a primitive pth of

unity, i. e. ξ = e

2πi

p . We let e(x) = e2πix. The additive group of Zp is generated by 1, then
the function χ : Zp −→ C× defined by χ(1) = ξ, extended by χ(k) = ξk, is a character of Zp.
All characters of Zp are of this type. If 1 ≤ r ≤ p, then χr : Zp −→ C× defined by χr(s) = ξrs,
1 ≤ s ≤ p, is a character of Zp and all the r characters of Zp are of this form.

The character table of Zp is a p × p matrix X = (ξrs)1≤r,s≤p. If we use the orthogonality
relation on the character table of X, [2], we obtain

X
t
X =


p

p 0
. . .

0
. . .

p

 = pIp

where X is the matrix obtained from X by conjugation of entries and t denotes transpose.
If we take the determinate we obtain:

| detX|2 = pp. It is known that either detX is real or pure imaginary. Therefore detX = p

p

2

or detX = ip

p

2 .

3 Main Result

It we take the trace of X we obtain tr X =
p∑

r=1
ξr

2
=

p∑
r=1

(
r

p
)ξr.

Corollary 3.1.

tr X =

{ √
p, if p ≡ 1(mod4),

i
√
p, if p ≡ 3(mod4).

Proof. With respect tour ordering of the rows and columns of the matrix X we have:

X =


ξ ξ2 ξ3 · · · ξp−1 1

ξ2 ξ4 ξ6 · · · ξ2(p−1) 1
...

...
...

ξp−1 ξ2(p−1) ξ3(p−1) · · · ξ(p−1)2 1
1 1 1 · · · 1 1


We compute the matrix X2. If X2 = (cij)1≤i,j≤p, then

cij =
p∑

k=1

ξrkξks =
p∑

k=1

ξk(r+s) =

{
p, if p | r + s,

0, otherwise.

Therefore

X2 =


0 0 0 · · · p 0
0 0 · · · p 0 0
...

...
...

p 0 · · · 0
0 0 · · · p

 = PS

2



Quadratic Reciprocity Law

where

S =


0 0 0 · · · 1 0
0 0 · · · 1 0 0
...

...
...

1 0 · · · 0 0
0 0 · · · 0 1


is the permutation matrix corresponding to the permutation

(1 p− 1)(2 p− 2) · · · (p− 1

2

p+ 1

2
)(p)

of the symmetric group Sp. Therefore we can calculate the eigenvalues of X to be ±√
p, ±i

√
p.

Further calculators reveal the trace of X as indicated in the Corollary.

Definition 3.2. Using the formula for tr X we define Gp(a) =
p∑

r=1
(
r

p
)ξr

2a, where (a, p) = 1 and

ξ is a primitive pth root of unity in C.

It is clear that Gp(1) = tr X =
√
p or i

√
p. We set t(p) = 1 if p ≡ 1(mod 4) and t(p) = i if

p ≡ 3(mod 4), hence tr X = t(p)
√
p.

Lemma 3.3. Let p and q be distinct odd prime numbers. Then Gp(q)Gq(p) = Gpq(1).

Proof. We have Gp(q) =
p∑

r=1
e

2πir2q

p and Gq(p) =
q∑

s=1
e

2πis2p

q . Therefore

Gp(q)Gq(p) =

p∑
r=1

e

2πir2q

p
q∑

s=1

e

2πis2p

q =

p∑
r=1

q∑
s=1

e

2πi

pq
(r2q2+s2p2)

=
∑
r,s

e

2πi

pq
(rq+sp)2

= Gpq(1)

This is because rq + sp forms a complete residue classes moduls pq.

Theorem 3.4 (quadratic reciprocity law). Let p and q be district odd primes, then:

(
p

q
)(
q

p
) = (−1)

(p− 1)(q − 1)

4

Proof. By convention Gp(1) = t(p)
√
p. Thus,

t(pq)
√
pq = Gpq(1) = Gp(q)Gq(p) = (

q

p
)(
p

q
)Gp(1)Gq(1) = (

q

p
)(
p

q
)t(p)t(q)

√
pq

Therefore (
q

p
)(
p

q
)t(p)t(q) = t(pq), implying (

p

q
)(
q

p
) = (−1)

(p− 1)(q − 1)

4 .
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