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Abstract

In this article, the calculation of momentary
electromagnetic torque in a brushless shaft permanent
magnet motor has been done using Lorentz force theory.
In this method, the anti-motor voltage and phase current
are used and a new method for calculating the different
harmonics of the anti-motor voltage has been presented
using an analytical method. The results of the presented
analytical method have been evaluated using the finite
element software and there is a good match between the
presented analytical method and the finite element
method. The calculation time in the presented analytical
method is much less than the calculation time of Alman
software. Finally, by using the analytical method, some
geometrical parameters of the motor have been optimized
with the aim of reducing the ripple torque.

Keywords: BLDC motor, AFPM motor, Electromagnetic
torque, Torque ripple, Electric Vehicle.

Introduction

Recently, brushless permanent magnet servo motors have
become a serious competitor for brushed motors in
industrial applications. Due to its high-power density, low
rotational inertia, and good dynamic performance, the
brushless permanent magnet servo motor has been widely
used in various applications [1] and [2]. Noise and
vibration reduce the stability of the servo system and
make it difficult to use it for industrial applications with
high precision.

Brushless permanent magnet motors are divided into two
categories: permanent magnet synchronous motors with
sinusoidal current feeding or PMSM and brushless
permanent magnet motor with rectangular current feeding
or BLDC. In the ideal case, the anti-motor voltage in
PMSM is sinusoidal and in BLDC the anti-motor voltage
is trapezoidal. If the conditions are ideal in both methods
and the waveforms of current and voltage are what is
expected, in both cases the production torque will be
without fluctuations, which is desirable in many
applications. In any case, in operation, the counter-motive
voltage in permanent magnet motors is not completely
sinusoidal or perfectly trapezoidal, and due to mechanical
errors and design limitations, it is almost impossible to
produce the desired counter-motive voltage waveform.
Two-way spindle permanent magnet motors are among
the brushless permanent magnet motors, which have
significant advantages compared to normal permanent
magnet motors [1-6] due to features such as high torque
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to weight and high efficiency. It shows the motors that
have a middle stator structure without grooves.

It has two components, one fixed component or average
torque, which is useful torque, and the other is fluctuating
torque, which causes torque fluctuations [9]. The factors
of producing fluctuating torque can be divided into two
categories: structural factors of the motor and factors
arising from it. The sources of generating the oscillating
torque caused by the motor structure are: [10]

*  The torque of the teeth, which is created by the
interaction between the variable armature
grooves and the magnetic flux of the rotor
magnets.

*  The reluctance torque that is created due to the
inequality of the d-axis and g-axis torques.

«  The harmonic electromagnetic torque due to the
non-ideal distribution of the magnetic flux
density in the air gap is non-sinusoidal in PMSM
and not trapezoidal in BLDC.

The sources of generating the oscillating torque that
originates from the power supply can be referred to the
ripple in the power supply and the commutation of the
phase current.[10]

i,(wr) 4

L

5t | 1x 1 o
6 | 6 )

S ]

*I,;

Figure 1. The current of one of the phases of the BLDC motor

In general, there are two different methods to reduce
torque ripple. The first method is the optimal design of the
motor structure [11-15] and the other method is the use of
an advanced control strategy in the operation of the motor
feeding current.

If the motor structure without groove and with surface
iron is selected, the only component of the ripple torque
that is related to the motor structure is the non-ideality of
the anti-motor voltage. For the PMSM motor, a special
shape is considered for the magnets, which leads to the
generation of the voltage against the sinusoidal induction
motor, and the ripple torque decreases. It will be
investigated in Figure 1 based on optimal design. In this
motor, there is a winding wire with a full step and it is of
foot type.

In section 2, the electromagnetic torque is presented using
analytical relations based on anti-motor voltage and motor
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feeding current. In section 3, the anti-motive voltage
caused by the magnetic flux density of the magnets has
been calculated and the magnetic flux density of the
magnets has been calculated using Maxwell's equations
and geometric mapping. In section 4, the ripple torque
relationship is presented, the effect of different motor
parameters on it is examined and the optimal values
related to the motor structure are obtained. Finally, in
section 5, the conclusion is presented.
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Figure 2. The structure of the middle stator without the groove
of the axial permanent magnet motor

Calculation of Electromagnetic
Analytical Relations

Using the Lorentz force theory, the electromagnetic
torgque of the motor can be expressed as follows based on
the anti-motor voltage and the current of the phases [10]:

1) = 5 (ea®ial®) + e, ip () + ecOic(@) D
where ea(t), es(t), and ec(t) are the voltage of each phase,
ia(t), ib(t), and ic(t) are the current of each phase and n is
the rotational speed in radian per second. By having the
waveform of the anti-motor voltage of each phase, its
Fourier series can be written, which can be expressed as
the following relation for phase a due to the symmetry of
the half-wave:

eq(t) = E; sin(wt) + E5 sin(3wt) + -+ 2

where E; and E3 are the amplitude of the harmonics of the
voltage of phase (2) and w is the angular frequency.
In a BLDC motor, the connection of the stator coils is
usually star-shaped. The feeding current can also be
written as a set of sinusoidal currents using the Fourier
series, which is related as follows for phase a with star
connection.

i,(t) = i; sin(wt) + i3 sin(Bwt) + -+ 3)
where i; and i, are the range of harmonics of phase (a)
current.

In the BLDC motor, the current of each phase is
rectangular and with 120 degrees of electrical conduction
in each half cycle. Figure 2 shows the flow of phase (a) of
the BLDC motor. According to Figure 2, the Fourier
series of phase a current corresponds to the following

Torque using

relation:
. 4 - 1 nmw_ (4)
ip(wt) = ;Id Z _cos (?)sm (nwt)
n=1,3,5

Due to the existing symmetry in the motor, the anti-motor
voltage and current of phases b and ¢ have a phase
difference of 120 compared to phase a. Assuming that the
supply current and the anti-motor voltage of each phase

ICEMG 2023, 1 -2 March, 2023

are in phase, the electromagnetic torque can be calculated
from (1), which is expressed as follows by performing
mathematical calculations [6]:

- (®)

Tem(t) = Tapg + Z Tgncos (6nwt)
n=1,3,5
Where Tay is the average torque or useful torque of the
BLDC motor and corresponds to the following
relationship:
(6)

3
Tavg = m(Elll + Esls + E717 + "')

In (5), Ten is the range of torque harmonics, which leads
to the generation of torque ripple. The values of Tg, Ti2,
Tas, T2s, and Ty are calculated according to the following
relationships:

7
Te = (L(E; —Es) + Is(E;; —E) + ) U]
2wy,
: ©
T, = ﬁ(ll(E13 - E11) + 15(E17 — ES) + )

2

Tig = T(Il(Elg —Ei7) +Is(Eys — Eq3) + ) 9)
2

T2a = K(h(ﬁ‘zs —Ey3) + Is(Eyg — Eqg) + ) (10)
2

T30 = =—— (I1(E31 — Ep9) + I5(E3s — Eps) + +++) (11)

2w,
By having different harmonics of the supply current and
counter voltage of the BLDC motor, the average torque
and different harmonics of the electromagnetic torque can
be calculated based on the above relationships. Current
harmonics are obtained from (4). The harmonics of the
anti-motor voltage can be calculated using the analytical

method presented in the next section.
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Figure 3. Different areas of BLDC motor

Calculating the Power of the Induction Electric Motor
using Analytical Relations

By having the distribution of magnetic flux density and
harmonics related to it, different harmonics of anti-motor
voltage in BLDC motor can be calculated according to
(12):

Virms = \/Enanh(RzZ) - RiZ)Bn,eff (12)
Where Npn is the number of windings turns of each phase,
n is the angular speed in terms of revolutions per second
and R, R, are the inner and outer radii of the conductors,
respectively. Also By it is the average domain of the
magnetic flux density caused by the magnets in the
winding region. The average By st value of the harmonic
domain n is the magnetic flux density in different radii and



at different heights of the winding region, which can be
calculated from the following relationship:
Z3 Ry (13)

1 1
Bn,eff = Zy — 7, X Ro — RL- f f BndeZ

Z1 R;

where z; and z; are the winding areas in the axial direction
and B is the magnetic flux density related to the n-th
harmonic caused by the conductors in different places of
the winding region, which can be calculated analytically.
In continuation, by using the geometric map and
Maxwell's equations, a three-dimensional analytical
method is presented for calculating the magnetic flux
density caused by the conductors in the air gap and in the
area of the coils. Then, using it, the magnetic flux density
is calculated.
Considering the symmetry in the geometry of the motor
(Figure 1), in order to calculate the magnetic flux density
in the air gap, the machine is divided into two separate
sections, the lower half of the machine is presented in
Figure 3. In this figure, the motor is divided into four
areas. Area (1) includes the rotor yoke, area (I1) includes
the magnets, area (111) is the distance between the magnets
to the stator yoke, which includes the aerial distance and
armature winding, and finally area (1) which includes
the stator yoke.

Rso = Ro — Wey (14)

Rsi =R + wgy (15)
In order to calculate the magnetic flux density, first by
using the geometric mapping, the magnets have been
changed from a polar shape to a rectangular shape in a
new page, and then by using the solution of Laplace's
equation and the calculation of the scalar magnetic
potential, the flux density is calculated in magnitude.
Figures 4 and 5 show the maps made on the polar plate
including the magnets and the conversion of radial
magnets to rectangular magnets with related maps. In
Figure 4, using the map T=InZ, the shape of the magnets
changes from a radial form to a rectangular form. The
length of all the iron bars in the new page is constant and
equal to In Rj —In R, and the width of all the iron bars in
the new page is also constant and equal to ap(n/p). In
Figure 5, using the map W=Ryx(T-Rg), The rebars have
been moved to the center of the vertical axis. Also, their
length and width units have been changed according to the
length units. Ra and Rb are defined as the following
relations.

Z plane T plane

Figure 4. Magnets mapping in the first step
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_ InRy — InR; (16)
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Figure 5. Magnets mapping in the second step

Figure 6 shows one of the magnets before and after
mapping. In the direction of the v axis, the magnetization
vector is alternating with the period of 2nRy/p and in the
direction of the u axis, it can be artificially considered to
be alternating with the period of 4u,. The values u; and u;
are in the form of the following relationships:

Ry — R; 18
u, = 0 > i ( )
Ro - Ri x lnRZ - lan (19)
u, =
1 2 InR, — InR;
Z plane W plane
R W =Ry x(LnZ-R.) N
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Figure 6. The mapping done on the Magnets

The magnets used in the slot less structure of the BLDC
motor must have a high energy density to provide the
desired magnetic flux density. For this purpose, you can
use NdFeB magnets, which have high energy density. In
this type of irons, the demagnetization characteristic in the
second region is linear and the following relationship can
be expressed for the magnetic flux density based on the
magnetization vector and the magnetic field intensity
[24]:
§=§r+uﬁ=uoﬁ+uﬁ (20)
M = M,(u,v)a, (21)
Where B is the residual flux density of the magnets, H is
the magnetic field strength, p is the magnetic permeability
coefficient of the magnets, 1o is the magnetic permeability
coefficient in vacuum and M is the magnetization vector



which in the rails used in spindle machines only have
components in the horizontal direction. Different
components of the magnetic field are related to the scalar
magnetic potential using the following relationships [23]:

WV (u,v,2) (22)
v ou

_ 0V (u,v,2) (23)
v ov

0V (u,v,2) (24)
zZ 0z

Where Vn is the scalar magnetic potential. The
magnetization vector can be expanded using the double
Fourier series, which will be as (25):

(25)
M,(u,v) = Z Z My cos(w,u) cos (W, V)
m=1n=1
That, we have:
r . . apT[
nm = o— ESln(wnul) sin (wm, E)
_mp (26)
Wy = R,
_n
“n = 2,

Due to the absence of current in the no-rain condition, the
scalar magnetic potential is true in Laplace's equation
[23]. According to the completed maps, Laplace's
equation must be solved in Cartesian coordinates.
Laplace's equation in Cartesian coordinates with u, v, and
z components is related as follows
0%v,, 0%v, 0%v, 0 27)
02u  0%v = 092z
Using the method of separation of variables, the general
answer of Laplace’s equation in region (I1) and (I11) is in
the form of the following relations:
Vm2 (u' v, Z) (28)
= Z Z A; sinh(kz) cos (w,u)cos (w,v)

m=1,3,5n=1,3,5

Z A, sinh(k(z

m=1,3,5n=1,3,5
— Lg) cos (wpu)cos (w,v)
Where L4 is the distance from the surface of the iron to
the surface of the stator yoke. The coefficients o, and om
are in the form of (26) and the coefficient k corresponds
to the following relationship:
k=\w2+ w (30)

To obtain the coefficients A1 and A in the potential
equation, boundary conditions must be used.
Due to the absence of current in the border between areas
(1) and (1), the tangential components of the electric
field intensity are equal, which leads to the following
relationships.

Vis(Ww,v,2) =

15) /A _ OVip3 (31)
ou lz=r,, © du z=Lpym

0V, _ Ovps (32)

6_17 z=Lpm - 6_17 z=Lpm

The vertical components of the magnetic flux density are
also equal, which causes the following boundary
condition.
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[3) 7 V3 (33)
_.uoﬂra—rzn + lez:me = ~Ho 6TZn

z=Lpm

By specifying the coefficients A; and A, the scalar
magnetic potential in the region (111) and (111) is obtained,
and finally, having the scalar magnetic potential, the axial
component of the magnetic flux density in the air distance
can be calculated from the following relationship
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Figure 7. Meshing a pair of poles from the machine in the finite
element software

Figure 8. Distribution of the magnetic flux density vector in the
magnets and the rotor yoke
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Figure 9. Axial component of magnetic flux density caused by
magnets according to electric angle in one pole step

15 /A (34)

Having Bz and averaging it in the winding region, it is
possible to calculate the anti-motor voltage and its
harmonics in the stator windings using (12). To confirm
the presented analytical method, finite element software
was used and BLDC motor specifications are given in
Table 1. Figure 7 shows the meshing of a pair of poles of
the considered machine in Maxwell Ansoft finite element
software and Figure 8 shows the magnetic flux density
vector on the surface of the magnets.

Figure 9 shows the axial component of the magnetic flux
density according to the electric angle in one pole step.
The axial component of the magnetic flux density for
different distances from the surface of the magnets has
been drawn in the average beam and the distance from the
surface of the magnets has been determined with the
variable z. The axial magnetic flux density in the vicinity
of the magnets has a trapezoidal state, and with the



distance from the surface of the magnets, it is close to the
surface of the stator core. The sinusoidal shape is
approaching.

Table 2 shows the effective value of anti-motive voltage
obtained from the analytical method presented in this
article and the value obtained using three-dimensional
finite element software. Table 3 shows the different
average harmonics of the magnetic flux density in the
winding region and the corresponding harmonics of the
counter-motive voltage that can be calculated from (12).

Table 1: Characteristics of BLDC motor

Specifications Symbol | Value [unit]
The number of pairs of poles p 10
The density of the rest of the Br 1.23[T]
magnets
Relative permeability L 1.05 [mm]
coefficient of magnets
The thickness of iron Lpm 6.5 [mm]
The outer beam of irons R, 125 [mm]
The inner beam of the irons R; 61 [mm]
The average beam of Ry 93 [mm]
ironworkers
The outer radius of the iron R 131 [mm]
rotor
Inner diameter of iron rotor Ri 55 [mm]
Outer beam of iron stator Ry 119 [mm]
Inner diameter of stator iron Ry 67 [mm]
Rotor yoke thickness L. 6 [mm]
Stator yoke thickness L 13 [mm]
The development of screws W, 6 [mm]
Table 2: The voltage caused by analytical method and finite
element
Analytical method Finite element
[ Voltage 34.6 [V] 34.9 [V]

Table 3: Different harmonics of magnetic flux density and
counter-motive voltage

Harmonic order Vn,ms [V] Befin [T]
1 34.1818 0.5400
3 5.3068 0.0838
5 1.6097 0.0254
7 0.6280 0.0099
9 0.2704 0.0043

11 0.1177 0.0019
13 0.0473 0.0007
15 0.0138 0.0002
17 0.0018 0.00004
19 0.0084 0.0001

Calculation of torque's Ripple

In this section, the ripple torque in BLDC motor with

specifications according to Table 1 is discussed. For the

ripple torque, various relations have been presented [10]

and in this article the following relation has been used to

calculate the ripple torque.

Tmax - Tmin (35)
Tavg

Where Tmax and Tmin are the maximum and minimum

values of torque moment, respectively, and Tayq is the

average moment torque, which corresponds to (6). Figure

10 shows the ripple torque curve according to the pole arc

Tripple -
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to pole pitch parameter in the BLDC motor with
specifications according to table 1.
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Figure 10. Ripple torque changes according to the ratio of pole

arc to pole pitch in the motor
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different values of op.
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Figure 12. Average torque for different o, of the motor

According to Figure 10, Ripple's torque has a minimum
value in some values. The minimum value of ripple torque
will occur in a,=0.44, a,=0.44 and 0p=0.44. Figure 11
shows the total electromagnetic torque according to time
for three values of oy, where the ripple torque is minimum.
As it is evident from Figure 11, the value of momentary
torque in BLDC motor has the highest value for a,=0.94
Figure 12 shows the average torque according to op.
According to Figure 12, it can be seen that the average
torque value increases with the increase of o.

Figure 13 shows the changes of the ripple torque
according to the air distance, and it can be seen that the
minimum value of the ripple torque occurs in the air
distance of about 1 mm. Figure 14 shows the diagram of
ripple torque and average torque according to the ratio of
inner diameter to outer diameter. According to figure 14,
ripple torque has the minimum value around the ratio of
diameters equal to 0.48. Figure 15 shows the ripple torque



diagram according to the number of pole pairs. According
to Figure 15, the ripple torque decreases with the increase
in the number of poles pairs and reaches the minimum
value at p=10, then with the increase in the number of pole
pairs, the ripple torque also increases slightly.
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Figure 13. Ripple torque according to the length of the aerial
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Figure 15. Ripple torque according to the number of pairs of
poles
Conclusions

In this article, the electromagnetic torque of the BLDC
spindle motor was obtained by using the series of current
and voltage against the drive of the phases. In the
operation of the counter-motive voltage of the BLDC
motor, it is not a perfect trapezoid, but it is a quasi-
trapezoid whose different harmonics are obtained by
using analytical relations and with the help of the
magnetic flux density of the air gap. The dependence of
the ripple torque on the parameters related to the motor
design was investigated. The parameters for which the
ripple torque was evaluated were the ratio of the pole arc
to the pole pitch, the length of the aerial distance, the ratio
of the inner diameter to the outer diameter and the number
of pairs of poles, which according to the results obtained,
the values are higher for these values. The ripple torque
minimum was determined.
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