
THE FIRST INTERNATIONAL CONFERENCE ON

MATHEMATICS AND ITS APPLICATIONS

11-12 Auguest 2021, Shahid Chamran University of Ahvaz, Ahvaz, Iran

Inclusion and neighborhood of multivalent q function with negative

coefficients

E. Amini∗

Department of Mathematics, Payme Noor University, P. O. Box 19395-4697 Tehran, IRAN.

A. Taheri
Department of Mathematics, Payme Noor University, P. O. Box 19395-4697 Tehran, IRAN.

Abstract. This article presents certain families of analytic and multivalent functions

regarding q starlikeness and q convexity of order α. By using concept of neighborhoods of p

valent function, we prove the coefficient bound and associated inclusion relation for the

(δ, q)-neighborhood of multivalent function with negative coefficient defined by q-derivative.

Keywords: p-valent functions, Negative coefficient, q-derivative, Neighborhood,
Inclusion relation.
AMS Mathematical Subject Classification [2010]: 30C45, 30C50.

1. Introduction

Let Up (p ∈ N = {1, 2, ...}) contain all multivalent functions say f that are holomorphic or
analytic in a subset D = {z; |z| < 1} of a complex plan C and having the series form:

f(z) = zp −

∞
∑

k=1

ak+pz
k+p, (ak+p g 0, z ∈ D).(1)

In particular, if p = 1 the class U of univalent function was investigated by Graham and Kohr [3].
Some important elementary concept details and definitions of the q calculus which play vital role
in our presentation will be recalled in [1].
For given q ∈ (0, 1), the derivative in q-analogue of f is given by

Dqf(z) =
f(z)− f(qz)

z(1− q)
, (z ̸= 0, q ̸= 1).(2)

We note that the q-derivative operator Dq converges to the ordinary derivative operator as follows:

lim
q→1−

Dqf(z) = lim
q→1−

f(z)− f(qz)

(1− q)z
= f ′(z).

Making (1) and (2), we easily get that for n ∈ N and z ∈ D:

Dqf(z) = [p]qz
p−1 +

∞
∑

k=1

[k + p]qak+pz
k+p−1,

where the q derivative operator Dqf(z) of function f is defined by

Dqf(z) =

{

f(z)−f(qz)
(1−q)z , (z ̸= 0; 0 < q < 1),

f ′(0), z = 0.

provided that f ′(0) exists, and the number [n]q is

[n]q =
1− qn

1− q
= 1 +

n−1
∑

k=1

qk, [0]q = 0.

∗speaker
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The class denoted by S∗

q (p, α) of p-valent q-starlike function that of order α defined as

S∗

q (p, α) =

{

f ∈ Up : Re

(

zDqf(z)

f(z)

)

> α, (z ∈ D, 0 f α < 1)

}

.

Also, the class Cq(p, α) of p-valent q-convex functions of order α is defined as:

Cq(p, α) =

{

f ∈ Up : Re

(

1 +
Dq(zDqf(z))

Dqf(z)

)

> α, (z ∈ D, 0 f α < 1)

}

.

In its special case when p = 1, the classes S∗

q (α) and Cq(α) of q-starlike functions of order α and
q-convex functions of order α were studied in earlier work (see [5]).
In [2, 4] defined the (n, δ)-neighborhood of a function f(z) ∈ Up. Now, we define (δ, q)-

neighborhood of a function f(z) ∈ Up as

Nδ,q(f) =







g ∈ Up : g(z) = zp −

∞
∑

k=n+p

bkz
k and

∞
∑

k=n+p

[k]q|ak − bk| f δ







, (δ > 0).(3)

It follow from (3) that, if h(z) = zp, (p ∈ N then

Nδ,q(h) =







g ∈ Up : g(z) = zp −

∞
∑

k=n+p

bkz
k and

∞
∑

k=n+p

[k]q|bk| f δ







, (δ > 0).(4)

The object of the present paper is to investigate the various properties and characteristics of ana-
lytic p-valent functions belonging to the class Tq(p, λ, α), which includes functions f(z) satisfying
the following inequality

Re

{

zDqf(z) + λzDq(zDqf(z))

(1− λ)f(z) + λzDqf(z)

}

> α, (z ∈ D, 0 f α < 1),

which have introduced here. Clearly, we have

Tq(p, 0, α) = S∗

q (p, α) and Tq(p, 1, α) = Cq(p, α),

in terms of the simpler classes S∗

q (p, α) and Cq(p, α), respectively. Also, let Rq(p, λ, α) denote the
subclass of Up consisting of function f(z) which satisfy the inequality

Re {Dqf(z) + λDq(zDqf(z))} > 0.

Apart from deriving a set coefficient bounds for each of these function classes, we establish sev-
eral inclusion relationships involving the (q, δ) neighborhoods of analytic p-valent functions (with
negative and missing coefficient) belonging to this subclasses.

2. A set of coefficient inequality

In this section, we prove the following results which yield the coefficient inequality for functions
in the subclasses Tq(p, λ, α).

2.1. Theorem. A function f(z) ∈ Up is in the class Tp(p, λ, α) if and only if

∞
∑

k=1

(

−α(1− λ) + (1− λα)[k + p]q + λ[k + p]2q
)

ak+p f φp,(5)

(0 f α < 1, 0 f λ f 1, (1− λφp)[p]q + λ[p]2q > φp(1− λ), z ∈ D, p ∈ N).

where φp = −α(1− λ) + (1− αλ)[p]q + λ[p]2q. The result is sharp.

Proof. Suppose that f(z) ∈ Tq(p, λ, α). Then, we have

Re

{

([p]q + λ[p]2q)z
p −

∑

∞

k=1[k + p]q + λ[k + p]2q)ak+pz
k+p

(1− λ+ λ[p]q)zp −
∑

∞

k=1(1− λ+ λ[k + p]q)ak+pzk+p

}

> α.

(0 f α < 1, 0 f λ f 1, (1− λφp)[p]q + λ[p]2q > φp(1− λ), z ∈ D, p ∈ N).
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If we chose z to be real and let z → 1−, we obtain

([p]q + λ[p]2q)−
∑

∞

k=1[k + p]q + λ[k + p]2q)ak+p

(1− λ+ λ[p]q)−
∑

∞

k=1(1− λ+ λ[k + p]q)ak+p

> α.

(0 f α < 1, 0 f λ f 1, (1− λφp)[p]q + λ[p]2q > φp(1− λ), z ∈ D, p ∈ N).

or equivalently

−

∞
∑

k=1

(

−α(1− λ) + (λα− 1)[k + p]q + λ[k + p]2q
)

ak+p > α(1− λ)− (1− λα)[p]q − λ[p]2q.

(0 f α < 1, 0 f λ f 1, (1− λφp)[p]q + λ[p]2q > φp(1− λ), z ∈ D, p ∈ N).

which is precisely assertion (5) of theorem 2.1.
Conversely, suppose that the inequality (5) holds true and let

z ∈ ∂D = {z ∈ C, |z| = 1}.

Then, we find from the definition (1) that
∣

∣

∣

∣

zDqf(z) + λzDq(zDqf(z))

(1− λ)f(z) + λzDqf(z)
− φp

∣

∣

∣

∣

=

∣

∣(−φp(1− λ) + (1− λφp)[p]q + λ[p]2q)z
p −

∑

∞

k=1

(

−φp(1− λ) + (1− λφp) [p+ k]q + λ[p+ k]2q
)

ak+pz
k+p

∣

∣

|(1− λ+ λ[p]q)zp −
∑

∞

k=1
(1− λ+ λ[k + p]q)ak+pzk+p|

≤
(−φp(1− λ) + (1− λφp)[p]q + λ[p]2q)|z

p|+
∑

∞

k=1

(

−φp(1− λ) + (1− λφp) [p+ k]q + λ[p+ k]2q
)

ak+p|z
k+p|

(1− λ+ λ[p]q)|zp| −
∑

∞

k=1
(1− λ+ λ[k + p]q)ak+p|zk+p|

≤ φp − α.

(0 ≤ α < 1, 0 ≤ λ ≤ 1, (1− λφp)[p]q + λ[p]2q > φp(1− λ), z ∈ ∂D, p ∈ N).

provided that the inequality (5) is satisfied. Hence by the maximum modulus theorem, we have f(z) ∈
Tq(p, α, λ).
Finally, we note that the assertion (5) of theorem 2.1 is sharp, the extremal function being

f(z) = z
p −

−α(1− λ) + (1− αλ)[p]q + λ[k + p]2q
−α(1− λ) + (1− αλ)[p+ k]q + λ[k + p]2q

z
k+p

, (z ∈ D, 0 ≤ α < 1).

□

2.2. Theorem. Let f(z) ∈ Up be given by (1). Then f(z) ∈ Rq(p, λ, α) if and only if

∞
∑

k=1

(

[k + p]q + λ[k + p]2q
)

ak+p f [p]q + λ[p]2q − α

2.3. Theorem. Let f(z) ∈ Up be in the class Tq(p, α, λ). Then

∞
∑

k=1

ak+p f
φp

φk+p

and

∞
∑

k=1

[k + p]qak+p f
φpφk+p − α(1− λ)

φk+p(φk+p + α(1− λ))
,(6)

where φp = −α(1− λ) + (1− αλ)[p]q + λ[p]2q.

Proof. By using Theorem 2.1, we find from (5) that

−α(1− λ) + (1− αλ)[k + p]q + λ[k + p]2q

∞
∑

k=1

ak+p

f

∞
∑

k=1

(−α(1− λ) + (1− αλ)[k + p]q + λ[k + p]2q)ak+p

f −α(1− λ) + (1− αλ)[p]q + λ[p]2q,

which immediately yields the first assertion (6) of Theorem 2.3.
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By appealing (5), we also have

−α(1− λ)
∞
∑

k=1

ak+p + ((1− αλ) + λ[k + p]q)
∞
∑

k=1

[k + p]qak+p f

∞
∑

k=1

φk+pak+p f φp.

so that,

((1− αλ) + λ[k + p]q)

∞
∑

k=1

[k + p]qak+p f φp + α(1− λ)

∞
∑

k=1

ak+p

= φp + α(1− λ)
φp

φk+p

.

This yields

(φk+p + α(1− λ))

∞
∑

k=1

[k + p]ak+p f
φpφk+p − α(1− λ)

φk+p

,

which readily implies the coefficient inequality

∞
∑

k=1

[k + p]qak+p f
φpφk+p − α(1− λ)

φk+p (φk+p + α(1− λ))
.

□

2.4. Theorem. Let f(z) ∈ Up be in the class Rq(p, λ, α). Then

∞
∑

k=1

ak+p f
[p]q + λ[p]2q − α

[k + p]q + λ[k + p]2q
, and

∞
∑

k=1

[k + p]qak+p f
[p]q + λ[p]2q − α

1 + λ[k + p]q
.

3. Inclusion relations Involving the (n, δ)-nighborhoods

In this section, we determine the neighborhood properties for each of the following function
classes

Tq(p, α, λ), Rq(p, α, λ), S∗

q (p, α), Cq(p, α).

3.1. Theorem. If f ∈ Up is in the class Tq(p, α, λ), then

Tq(p, α, λ) ¢ Nδ,q(h),(7)

where h(z) = zp, z ∈ D and

δ :=
φpφk+p − α(1− λ)

φk+p(φk+p + α(1− λ))
.(8)

Proof. Assertion (13) would follow easily from the definition of Nδ,q(h, f), which is given by
(4) with g(z) replaced by f(z) , and the second assertion (6) of Theorem 2.3. □

3.2. Theorem. If f ∈ Up is in the class Rq(p, α, λ), then

Rq(p, α, λ) ¢ Nδ,q(h),(9)

where h(z) = zp, z ∈ D and

δ :=
[p]q + λ[p]2q − α

1 + λ[k + p]q
.(10)

Putting λ = 0 in Theorem 3.1, we obtain the following corollary:
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3.3. Corollary. If f ∈ Up is in the class S∗

q (p, α), then

S∗

q (p, α) ¢ Nδ,q(h),(11)

where h(z) = zp, z ∈ D and

δ :=
(−α+ [p]q)(−α+ [p+ k]q)

[p+ k]q(−α+ [p+ k]q)
.(12)

Putting λ = 1 in Theorem 3.1, we obtain the following corollary:

3.4. Corollary. If f ∈ Up is in the class Cq(p, α), then

Cq(p, α) ¢ Nδ,q(h),(13)

where h(z) = zp, z ∈ D and

δ :=
(1− α)[p]q + [p]2q

(1− α)[k + p]q + [k + p]2q
.(14)

3.5. Definition. A function f ∈ Up is said to be in the class Sq(p, α, λ) if there exist g ∈
Rq(p, α, λ) such that

∣

∣

∣

∣

f(z)

g(z)
− 1

∣

∣

∣

∣

< α.

3.6. Theorem. If g ∈ Rq(p, α, λ) and

α = 1− δ
1 + λ[k + p]q

[k + p]q − [p]q + λ([k + p]2q − [p]2q + α)
,

then

Nδ,q(g) ¦ Sq(p, α, λ).
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