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Abstract— Variable Flux Reluctance Machine (VFRM) by 

its doubly salient structure is robust due to the fact that there 

isn’t any windings or Permanent Magnets (PMs) on its rotor 

structure. Therefore, VFRMs are potential candidates for so 

many applications including electric vehicles and wind turbines. 

Consequently, developing a fast and accurate method for its 

electromagnetic performance analysis is essential. Although 

Finite Elements Method (FEM) is an accurate method, it is 

suffering from high simulation time. There are some other 

methods but they cannot easily apply to all topologies. Winding 

function is a fast modelling method for analyzing electric 

machines performance. Therefore, in this paper, Winding 

function modeling of a VFRM is proposed. In this regard, the 

concept of VFRMs and winding function modelling procedure 

is presented.  Also, a VFRM which consists of 6 stator teeth and 

7 rotor poles number, is modelled by Winding Function Method 

(WFM) and the results are compared with the experimental 

results which proves that WFM is an efficient modelling and 

analysis tool.   
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method, winding function method, magnetic equivalent circuit, 
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I. INTRODUCTION  

Variable Flux Reluctance Machine (VFRM) is a reliable 
and robust electromagnetic system since there is not any 
windings or Permanent Magnets (PMs) in their rotor 
structure[1]. Aforementioned feature makes VFRM a suitable 
candidate for Electric Vehicle (EV) applications [2]. Also, it 
can be a potential alternative of Permanent Magnet 
Synchronous Generator (PMSG) and Doubly Fed Induction 
Generator (DFIG) in wind turbine applications [3-5]. In this 
regard, developing a fast computing and accurate modeling 
method, not only leads to an efficient design algorithm, but 
also a fast and precise optimization tool.  

   Finite Elements Method (FEM)  is employed in so many 
articles in order to analyze and design of electric machines .In 
[6] a transversal laminated rotor of a Flux Switching PM 
motor (FSPM), is designed and analyzed by FEM, however 
barrier number variation leads to do modeling procedure, 
again. A brushless three phase Flux Switching Generator 
(FSG) is proposed in [7]. The proposed FSG is  analyzed by 
FEM, which is enough accurate but it takes a long time for 
computation and optimization. Consequently, developing 
another analysis method is essential. In [8] Magnetic 
Equivalent Circuit (MEC) in which the machine 
electromagnetic performance is modelled with flux tubes, is 
used for design procedure of a DC-Excited Flux-Switching 
Motor (DC-FSM), but applying this method for other  
geometries requires rebuilding of complicated permeance 
matrices. In order to analyze electromagnetic performance of 
a single phase FSPM,  a three dimensional Lumped Parameter 

Method (LPM) is developed. Although the proposed model  
was enough accurate, it has some intrinsic shortcomings  like 
neglecting winding arrangements [9]. A 12/10 FSPM is 
modelled by Fourier Analysis (FA) in [10]. Its accuracy was 
acceptable, but it implies solving complicated fourier 
equations. Hybrid Analytical Method (HAM) which utilizes 
MEC and fourier analysis for iron parts and airgap regions, 
respectively, is proposed in [11] . It suffers from the problems 
of  MEC and fourier analysis. Although these methods are 
faster than FEM , they do not have enough capability to apply 
as an efficient modeling method for VFRMs. Winding 
Function Method (WFM), is another candidate for modeling 
method of VFRMs design procedure. In [12], [13] the effect 
of rotor bar and stator skewing is modeled. A Synchronous 
Reluctance Machine (SyRM) is modelled by FEM and WFM 
in [14]. WFM has an acceptable inductance computation 
accuracy. WFM played a key role in optimization procedure 
of a resolver in [15]. In [16] torque ripple of a Switched 
Reluctance Machine (SRM) is minimized based on stator teeth 
and winding appropriated geometries by WFM and 3-
dimensional FEM. Also, it is  used for inductances 
computation. In addition, WFM is a popular and robust 
method for fault diagnostic in electrical machines. In [17] a 
salient pole synchronous generator with dynamic eccentricity 
is modeled by WFM. The effect of balanced and unbalanced 
supply on machine performance is modeled by WFM in [18]. 
Also, WFM is a potential method for modeling  rotor and 
stator inter turn fault in [19]. 

  This paper, presents an accurate and time-saving WFM 
modeling of VFRM. In section II the concept of VFRMs is 
described. Section III illustrates the procedure of WFM 
modelling. Also, the inductances and torque calculation is 
investigated in this section. Finally, WFM modelling results 
are presented and compared with experimental tests in section 
IV. The comparisons show the accuracy of purposed WFM 
modeling.  

II. CONCEPT OF VFRM 

       The core structure of rotor and stator of VFRMs are same  

as Switched Reluctance Machines (SRMs). In addition, DC 

field winding is located in slots of VFRM as it is shown in 

Fig. 1. The flux path of VFRMs is different from the flux path 

of SRMs. Field flux path will change with the rotor rotation. 

Fig. 2 and Fig. 3 show the variation of flux path among an 

electrical cycle and the flux line in different positions of rotor, 

respectively. As it can be seen from Fig. 2, in position A and 

position C, the airgap reluctance  is the minimum value due 

to the alignment of the stator and rotor teeth while in position 

B and position D, the rotor teeth is aligned with the stator 

slots. Thus, the airgap reluctance reaches to its maximum 

value.  
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                              Fig 1: Linear  view of VFRM 

Therefore, the flux linkage and induced back-EMF in an 

electric cycle are shown in Fig.4 (a) and Fig.4 (b), 

respectively. The Ratio of rotor and stator teeth number is a 

determinant parameter in field flux path, in such a way that 

field flux can pass through the adjacent stator poles in 6/5 and 

6/7 structure. This short flux path can lead to the better 

performance of machine like lower Total Harmonic 

Distortion (THD), in comparison with the long one. 

Windings and their connection are significant factor in 

VFRMs as individual phase coils should be connected in 

opposite directions when the number of rotor poles is odd. 

Fig. 5 shows the vectors of back-EMF in these ratios of rotor 

and stator teeth number. 
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Fig 2: Flux path of VFRM in an electric cycle 
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Fig. 3 : Flux lines among a stator pole of VFRM at 5 different rotor 

positions 

 

 Fig 4: a) Flux linkage among an electric cycle; b) Induced phase voltage 

among an electric cycle 
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Fig 5 : Phasor diagram of phase coils 

III. WINDING FUNCTION MODELING PROCEDURE OF A 6/7 

VFRM 

In this section, the basic principal of WFM is going to be 
introduced. Turn, winding, and airgap function play key roles 
in winding function modeling of VFRMs. 

A.  Turn and Winding Function  

   Turn function proposes the placement of windings among 

machine geometry. A 2-D cross-section view of a 6/7 VFRM 

is shown in Fig. 6. The windings of  Phase a, phase b, and 

phase c,  are in red, green, and blue, respectively. Also, the 

DC field windings are in yellow.  
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Fig. 6. 2-D cross-section view of a 6/7 VFRM 

 

 

 Fig 7: Winding functions 

 

The relation between turn function and winding function is as 

below: 

𝑁(𝜑) = 𝑛(𝜑) − < 𝑛(𝜑) > (1) 

where 𝑁(𝜑) , 𝑛(𝜑) , and < 𝑛(𝜑) >  are winding function, 

turn function, and mean of turn function, respectively [20].  

The winding functions of abovementioned machine are 

shown in Fig 7. It is assumed that the upward current flow 

and downward current flow lead to positive and negative 

Magneto Motive Force (MMF), respectively. 

B. Airgap function 

    Due to the fact that VFRM is a doubly salient machine, the 

airgap function is not constant when the rotor rotates. In order 

to achieve more accurate model, an imaginary boundary has 

been considered in the middle of the air gap as it is shown in 

Fig.8. The airgap consists of two functions by this 

assumption. Fig.9 and Fig.10 show the airgaps which relate 

to stator and rotor section [21]. According to Fig 9 , the 

fourier formulation of this air-gap function is given by : 

 

𝐺𝑠𝑛(0) =  
𝛽𝑠. 𝑔𝑚𝑖𝑛𝑠

−1 + (𝜋 − 𝛽𝑠). 𝑔𝑚𝑎𝑥𝑠
−1

𝜋
 

 (2) 

𝑘𝐺𝑠 =
2(𝑔𝑚𝑖𝑛𝑠

−1 − 𝑔𝑚𝑎𝑥𝑠
−1 )

𝑛𝜋
. [sin (

𝑛𝛽𝑠

2
)

− sin(𝑛𝜋 −
𝛽𝑠

2
)] 

(3) 

 

 

 
Fig 8: Imaginary boundary in the middle of the air gap of VFRM 

 Fig 9: Inverse air-gap function of the stator with reference to imaginary 
boundary 

 

 Fig 10: inverse air-gap function of the rotor with reference to imaginary 
boundary 

 

𝐺𝑠(𝜑)   = 𝐺𝑠𝑛(0) + ∑ 𝑘𝐺𝑠. cos(𝑛𝜑)

∞

𝑛=1

 
(4) 

 

where 𝜑 ,  𝛽𝑠  ,  𝑔𝑚𝑖𝑛𝑠
−1 , 𝑔𝑚𝑎𝑥𝑠

−1 , and 𝐺𝑠(𝜑)  are stator static 

position, stator pole arc, inverse of the distance from the 

stator pole face to the imaginary gap-dividing boundary, and 

inverse of the distance from the inner surface of the back-iron 

to the imaginary gap-dividing boundary, and  fourier series of 

air-gap function of the stator with reference to imaginary 

boundary, respectively. The rotation of  rotor leads to the 

variation of air-gap function of the rotor with reference to  the 

imaginary boundary. Hence, this airgap function depends on 

rotor and stator static position, simultaneously. Also, Fig.10 

shows this air-gap function in which, rotor is at zero position. 

In this regard, fourier series of air-gap function of the rotor 

with reference to imaginary boundary can be written as (5).  

𝐺𝑟(𝜑, 𝜃) = 𝐺𝑟𝑛(0) + ∑ 𝑘𝑟 . cos(𝑛(𝜋 − 𝜃))

∞

𝑛=1

 
(5) 

𝐺𝑟𝑛(0) =  
(2. 𝛽𝑟 . 𝑔𝑚𝑖𝑛𝑟

−1 ) + (𝜋 − 7. 𝛽𝑟). 𝑔𝑚𝑎𝑥𝑟
−1

𝜋
 

(6) 



𝑘𝑟 =
2(𝑔𝑚𝑖𝑛𝑟

−1 − 𝑔𝑚𝑎𝑥𝑟
−1 )

𝑛𝜋
. [sin (

𝑛𝛽𝑟

2
) − sin((

𝑛𝜋

2
) − (

𝑛𝛽𝑟

2
))

+ sin((
𝑛𝜋

2
) + (

𝑛𝛽𝑟

2
))

− sin((𝑛𝜋) − (
𝑛𝛽𝑟

2
))]  

(7) 

 

where 𝜃, 𝛽𝑟 , 𝑔𝑚𝑖𝑛𝑟
−1 , 𝑔𝑚𝑎𝑥𝑟

−1 , and 𝐺𝑟(𝜑, 𝜃) are rotor position, 

rotor pole arc, inverse of the distance from the rotor pole face 

to the imaginary gap-dividing boundary, and inverse of the 

distance from the inner surface of the rotor back-iron to the 

imaginary gap-dividing boundary, and fourier series of air-

gap function of the rotor with reference to imaginary 

boundary, respectively. 

C. Inductance and Torque Calculation  

   Mutual inductance of two arbitrary windings can be 

calculated by (8) 

𝐿𝑗𝑘 = ∫ 𝑁𝑗(𝜑)𝑁𝑘(𝜑). (𝐺𝑠(𝜑) + 𝐺𝑟(𝜑, 𝜃))−1𝑑𝜑
2𝜋

0

 
(8) 

where 𝑁𝑖(𝜑)  and 𝑁𝑗(𝜑)  are winding function of j and k 

winding. Also, the self-inductance of each winding is as (9).  

𝐿𝑗𝑗 = ∫ 𝑁𝑗(𝜑)2. (𝐺𝑠(𝜑) + 𝐺𝑟(𝜑, 𝜃))−1𝑑𝜑
2𝜋

0

 
(9) 

 

VFRM follows the elementary principle of electromechanical 

conversion. Consequently, torque is the ratio of co-energy 

and rotor position variations, which is depicted in (10) 

𝑇𝑒 =  
Δ𝑤𝑓

′

Δ𝜃
 

(10) 

Also, the co-energy can be calculated by : 

𝑤𝑓
′ =

1

2
𝐿(𝜃, 𝑖). 𝑖2 

(11) 

 

where 𝐿(𝜃, 𝑖) is the inductance of windings at a particular 

position θ, and i is the phase current. Therefore, substitution 

of (11) into (10), leads to the electromagnetic torque equation 

which is investigated in (12). 

 

𝑇𝑒 =
𝑖2

2

𝑑𝐿

𝑑𝜃
 

          (12) 

Also, 𝐿(𝜃) consists of harmonic orders which can be written 

as: 

𝐿(𝜃) = 𝐿0 + ∑(𝑎𝑛 cos(𝑛𝜃) + 𝑏𝑛 sin(𝑛𝜃))

∞

𝑛=1

 

 

 

(13) 

in which, 𝑎𝑛 and 𝑏𝑛 are coefficients of fourier series. Due to 

the fact that first harmonic order of inductances participate in 

the torque production of VFRMs, neglecting the higher 

harmonic orders is reasonable in (12). Therefore, it is possible 

to calculate the mean torque by first harmonic order of 

inductances. Also, the value of torque ripple can be calculate 

by placing higher harmonic orders of inductances in (12). 

IV. WFM, FEM, AND EXPERIMENTAL RESULTS 

In order to validate the accuracy of the proposed WFM 
modelling of  VFRM, a 6/7 VFRM which is proposed in [22] 
is selected as a case study. In this regard, results of the WFM, 
FEM, and experimental tests of the proposed VFRM,  are 

going to be compared with each other in this section. It should 
be noted that the armature windings of the proposed design is 
concentrated with  small end winding. Because the effect of 
end-winding is negligible, a 2-D study is employed. Table.1 
shows the initial design of the proposed VFRM.  

Table 1: Machine Specification 

Parameter Symbol Value 

Rotor diameter 𝐷𝑟  46.4 mm 

Stator outer diameter 𝐷𝑜 90 mm 

Stack length 𝐿𝑠 25 mm 

Air gap g 0.5 mm 

Stator pole arc 𝛽𝑠 30𝑜 

Rotor pole arc 𝛽𝑟 23𝑜 

Number of turn per 

field coil  
𝑁𝐷𝐶 366 

Number of turn per 

armature coil 
𝑁𝑎 183 

Rated power  P 70 W 

Rated speed 𝑛 400 rpm 

Number of phases 𝑁𝑝ℎ 3 

DC bus voltage 𝑉𝐷𝐶 48V 

Rotor pole number 𝑃𝑟  7 

Stator tooth number 𝑇𝑠 6 

 

 

Fig. 11. Self-inductances of the proposed VFRM 

 

 

 
Fig. 12. Mutual-inductances of the proposed VFRM 

 

The self-inductance of field and armature winding of VFRM 

are shown in Fig. 11. It can be concluded that the self-

inductances are not participating in torque production due to 

their constant profile versus rotor rotation. Also, Fig. 12  

shows the mutual-inductance profiles of windings. As it can 

be seen, the mutual-inductances between armature windings 



is constant while the mutual-inductances between armature 

and field windings has a sinusoidal profile. Therefore, the 

variation of the mutual-inductances between armature and 

field windings, leads to the electromagnetic torque 

production. Fig. 13 shows the flux lines of the proposed 

VFRM, which is the result of FEM. Also, distribution of the 

magnetic flux density of the proposed VFRM is investigated 

in Fig. 14. It can be seen that alignment of rotor pole and 

stator tooth, leads to the maximum flux density which is 1.5T. 

The torque capability of VFRM is computed by WFM and 

the results are compared with the results of experimental test. 

Fig. 15 (a) and Fig. 15 (b) show the average torque which is 

computed by WFM and meaured by experimental tests in 

several q-axis currents with field current of 1 A and 2 A, 

respectively. It can be seen that the error of resultant average 

torque from WFM and experimental is less than 10 %, which 

proves the accuracy of the proposed WFM. 

 

 
Fig. 13. Flux lines of the proposed 6/7 VFRM 

 

 
Fig. 14. Distribution of the magnetic flux density of the proposed 6/7 

VFRM 

 

 Fig. 15. Torque capability in several q-axis currents with field current of 

a)1 A; b) 2 A  

 

V. CONCLUSION 

  In this paper, the VFRM which had 6 stator teeth and 7 rotor 

poles that proposed in [22], was modelled by WFM. The 

concept of VFRM and its performance were summarized. 

Also, the basic principal of WFM including computation of 

self-inductance, mutual-inductance, and torque were 

investigated. Due to the fact that the first harmonic order of  

mutual-inductances participated in torque production, the 

proposed WFM utilized a filter which divided the first and 

higher harmonic orders of inductances in order to compute 

average torque and torque ripple. The inductances which 

computed by WFM were compared with the results of 

experimental tests which were proposed in [22]. The results 

showed that the proposed WFM had a good accuracy in 

inductance and average torque computation. Therefore, it is a 

suitable and feasible alternative of FEM in analysis and 

optimization procedure of VFRMs because FEM takes long 

time for computation and optimization. 
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