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Abstract. This article by approximate endpoint property, describes a technique for ex-
isting of solutions of the fractional q-differential inclusion with boundary value conditions
on multifunctions. For to do this, we use an approximate endpoint result on multifunc-
tions. Also, we give an example to elaborate our results and to present the obtained results
by fractional calculus.

1. Introduction

Fractional calculus and q-calculus are one of the significant branches in mathematical
analysis. In 1910, the subject of q-difference equations introduce by Jackson [6]. In this
paper, we are working to stretch out the problem in a sense for the fractional q-differential
inclusion problem:

cDα
q u(t) ∈ T (t, u(t), u′(t), u′′(t)) , (1.1)

with integral boundary conditions:

u(0) + u(p) + u(1) =
∫ 1

0
f0(s, u(s)) ds,

cDβ
q u(0) +

cDβ
q u(p) +

cDβ
q u(1) =

∫ 1

0
f1(s, u(s)) ds,

cDγ
q u(0) +

cDγ
q u(p) +

cDγ
q u(1) =

∫ 1

0
f2(s, u(s)) ds,

(1.2)

where α ∈ (2, 3], 0 < q, p, β < 1, γ ∈ (1, 2), fi : J ×R → R, here i = 1, 2, 3, are continuous
functions, T : J × R3 → Pcp(R) is a multifunction and cDβ

q is the fractional Caputo type
q-derivative for t ∈ J = [0, 1]. The set of all compact subsets of R denote by Pcp(R).
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2. Preliminaries

Assume that q ∈ (0, 1) and a ∈ R. Define [a]q = 1−qa

1−q
[6]. The power function (a−b)nq with

n ∈ N0 is (a−b)(n)q =
∏n−1

k=0(a−bqk) and (a−b)(0)q = 1 where a, b ∈ R and N0 := {0, 1, 2, . . .}.
Also, for α ∈ R and a ̸= 0, we have (a−b)(α)q = aα

∏∞
k=0(a−bqk)/(a−bqα+k). If b = 0, then it

is clear that a(α) = aα. The q-Gamma function is given by Γq(x) = (1− q)(x−1)/(1− q)x−1,
where x ∈ R\{0,−1,−2, · · · } [6]. Note that, Γq(x + 1) = [x]qΓq(x). The value of q-
Gamma function, Γq(x), for input values q and x with counting the number of sentences
n in summation by simplifying analysis. The q-derivative of function f , is defined by
(Dqf)(x) = (f(x) − f(qx))/((1 − q)x) and (Dqf)(0) = limx→0(Dqf)(x) [1]. Also, the
higher order q-derivative of a function f is defined by (Dn

q f)(x) = Dq(D
n−1
q f)(x) for all

n ≥ 1, where (D0
qf)(x) = f(x) [1]. The q-integral of a function f defined on [0, b] is

define by Iqf(x) =
∫ x

0
f(s)dqs = x(1 − q)

∑∞
k=0 q

kf(xqk), for 0 ≤ x ≤ b, provided that

the sum converges absolutely [1]. If a ∈ [0, b], then
∫ b

a
f(u)dqu = Iqf(b) − Iqf(a) =

(1 − q)
∑∞

k=0 q
k
[
bf(bqk)− af(aqk)

]
, whenever the series exists. The operator Inq is given

by (I0q f)(x) = f(x) and (Inq f)(x) = (Iq(I
n−1
q f))(x) for all n ≥ 1 [1]. It has been proved that

(Dq(Iqf))(x) = f(x) and (Iq(Dqf))(x) = f(x) − f(0) whenever f is continuous at x = 0
[1]. The fractional Riemann-Liouville type q-integral of the function f on [0, 1], of α ≥ 0 is

given by (I0q f)(t) = f(t) and (Iαq f)(t) =
1

Γq(α)

∫ t

0
(t−qs)(α−1)f(s)dqs, for t ∈ [0, 1] and α > 0

[4]. Also, the fractional Caputo type q-derivative of the function f is given by
(
cDα

q f
)
(t) =

1
Γq([α]−α)

∫ t

0
(t − qs)([α]−α−1)(D

[α]
q f)(s)dqs, for t ∈ J and α > 0 [4]. It has been proved that

(Iβq (I
α
q f))(x) = (Iα+β

q f)(x), and
(
Dα

q (I
α
q f)

)
(x) = f(x), where α, β ≥ 0 [4]. We say a

multifunction G : J → Pcl(R) is measurable whenever for each real number y, the function
t 7→ d(y,G(t)) is measurable [3]. The Pompeiu-Hausdorff metricHd : 2

X×2X → [0,∞) on a
metric space (X, ρ) is defined by, Hρ(A,B) = max {supa∈A ρ(a,B), supb∈B ρ(A, b)}, where
ρ(A, b) = infa∈A ρ(a, b) [5]. Denote the set of closed and bounded and the set of closed
subsets of X by CB(X) and C(X), respectively. In this case (CB(X), Hρ), (C(X), Hρ)
are a metric space, a generalized metric space, respectively. An element z ∈ X is called
an endpoint of multifunction T : X → 2X whenever Tz = {z} [2]. Also, multifunction
T has approximate endpoint property whenever infx∈X supy∈Tx ρ(x, y) = 0 [2]. A function
θ : R → R is called upper semi-continuous whenever lim supn→∞ θ(λn) ≤ θ(λ) for all
sequence {λn}n≥1 with λn → λ [2].

3. Main results

Lemma 3.1. Suppose that v ∈ C(J,R), α ∈ (2, 3], 0 < β, q, p < 1, γ ∈ (1, 2) and
fi : J × R → R, here i = 0, 1, 2, be continuous functions. The unique solution of the
fractional q-differential problem

cDα
q u(t) = v(t), (3.1)
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with conditions (1.2) is given by

u(t) = Iαq v(t) +
1

3

∫ 1

0
f0(s, u(s)) ds−

1

3

[
Iαq v(1) + Iαq v(p)

]
+ a1(t)

∫ 1

0
f1(s, u(s)) ds

+ a2(t)
[
Iα−β
q v(1) + Iα−β

q v(p)
]
+ (b1 + a3(t))

∫ 1

0
g2(s, u(s)) ds+ (b2 + a4(t))

[
Iα−γ
q v(1) + Iα−γ

q v(p)
]
, (3.2)

where a1(t) =
3tΓq(2−β)−(p+1)Γq(2−β)

3(p1−β+1)
, a2(t) =

(p+1)Γq(2−β)−3Γq(2−β)t

3(p1−β+1)
,

a3(t) =
−6(p2−β + 1)Γq(3− γ)Γq(2− β)t

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
+

3(p1−β + 1)Γq(3− γ)Γq(3− β)t2

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
,

a4(t) =
6(p2−β + 1)Γq(3− γ)Γq(2− β)t

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
−

3Γq(3− γ)Γq(3− β)(p1−β + 1)t2

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
,

b1 =
2(p+ 1)(p2−β + 1)Γq(3− γ)Γq(2− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
−

(p2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
,

b2 =
(p2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
−

2(p+ 1)(p2−β + 1)Γq(3− γ)Γq(2− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
.

(3.3)

Assume that X = C2(J) endowed with the norm ∥u∥ = supt∈J |u(t)|+supt∈J |u′(t)|+supt∈J |u′′(t)|.
Then (X , ∥.∥) is a Banach space. For u ∈ X , we define the selection set ST,u by the set of
all v ∈ L1(J) somehow that v(t) ∈ T (t, u(t), u′(t), u′′(t)) for all t ∈∈ J . For the study of
problem (1.1) and (1.2), we shall consider the following conditions.

(C1) The multifunction T : J × R3 → Pcp(R) be an integrable bounded such that
T (., x1, x2, x3) : J → Pcp(R) is measurable for all xi ∈ R;

(C2) The functions fi : J × R → R be continuous and map θ : [0,∞) → [0,∞) be a
nondecreasing upper semi-continuous such that lim inft→∞(t−θ(t)) > 0 and θ(t) < t
for all t > 0;

(C3) There exist m,m0,m1,m2 ∈ C(J, [0,∞)) such that Hd(T (t, x1, x2, x3), T (t, x
′
1, x

′
2, x

′
3)) ≤

(m(t)θ(
∑3

k=1 |xi − x′i|))/(Λ1 +Λ2 +Λ3), and |fj(t, x)− fj(t, x
′)| ≤

(
mj(t)ψ(|x− x′|)

)
/(Λ1 +Λ2 +Λ3),

for all t ∈ J , x, x′, xi, x
′
i ∈ R, where

Λ1 =

[
∥m∥∞

Γq(α+ 1)
+

∥m0∥∞
3

+
2∥m∥∞

3Γq(α+ 1)
+

5Γq(2− β)∥m1∥∞
3

+
10Γq(2− β)∥m∥∞
3Γq(α− β + 1)

+ 10
(
2Γq(2− β) + Γq(3− β)

)(Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

3Γq(3− β)Γq(α− γ + 1)

)]
,

Λ2 =

[
∥m∥∞
Γq(α)

+
2Γq(2− β)∥m∥∞
Γq(α− β + 1)

+
(
2Γq(2− β) + Γq(3− β)

) (
Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γ(3− β)Γq(α− γ + 1)

)]
,

Λ3 =

[
∥m∥∞

Γq(α− 1)
+

Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γq(α− γ + 1)

]
;

(C4) Multifunction N : X → 2X is given by N(u) = {h ∈ X | ∃ v ∈ ST,u : h(t) = w(t)}, for each
t ∈ J , where by applying the notation in (3.3), we have

w(t) = Iαq v(t) +
1

3

∫ 1

0
f0(s, u(s))ds−

1

3

[
Iαq v(1) + Iαq v(p)

]
+ a1(t)

∫ 1

0
f1(s, u(s))ds

+ a2(t)
[
Iα−β
q v(1) + Iα−β

q v(p)
]
+ (b1 + a3(t))

∫ 1

0
f2(s, u(s))ds+ (b2 + a4(t))

[
Iα−γ
q v(1) + Iα−γ

q v(p)
]
.

Theorem 3.2. The boundary value q-differential inclusion problem (1.1) and (1.2) has a
solution, whenever the multifunction N : X → P (X ) has the approximate endpoint property
and consitions (C1)–(C4) are hold.
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Example 3.3. Consider the fractional q-differential inclusion problem

cD
9
4
q u(t) ∈

[
0,

t2

100
sinu(t) +

1

100
cosu′(t) +

1

100

(
|u′′(t)|

1 + |u′′(t)|

)]
, (3.4)

with the integral boundary conditions

u(0) + u( 3
4
) + u(1) =

∫ 1
0

s2

20
cosu(s)ds,

cD
2
3
q u(0) + cD

2
3
q u( 3

4
) + cD

2
3
q u(1) =

∫ 1
0

es
2−1

20
cosu(s)ds,

cD
5
3
q u(0) + cD

5
3
q u( 3

4
) + cD

5
3
q u(1) =

∫ 1
0

2s3+1
20π

cosu(s)ds,

(3.5)

where t ∈ J = [0, 1], α = 9
4
, β = 2

3
, γ = 5

3
and p = 3

4
in equations (1.1) and (1.2). We define

maps T : J × R3 → P (R) by T (t, x1, x2, x3) = [0, t2

100
sin x1 +

1
100

cosx2 +
1

100
( |x3|
1+|x3|)], Also,

fi : J × R → R define by f0(t, x) = t2

20
cosx, f1(t, x) = et

2−1

20
cosx, f2(t, x) = 2t3+1

300π
cos x,

and N : C2(J) → 2C
2(J) by N(u) = {h ∈ C2(J) | ∃v ∈ ST,u : h(t) = w(t)}, for all t ∈ J such

that w(t) = I
9
4
q v(t)+

1
3

∫ 1

0
s2

20
cosu(s)ds− 1

3
[I

9
4
q v(1)+I

9
4
q v(

3
4
)] +a1(t)

∫ 1

0
es

2−1

20
cosu(s)ds+a2(t)[I

19
12
q v(1)+I

19
12
q v( 3

4
)]

+(b1 + a3(t))
∫ 1

0
2s3+1
300π

cosu(s)ds +(b2 + a4(t))[I
7
12
q v(1) + I

7
12
q v( 3

4
)]. where a1(t), a2(t), a3(t), a4(t), b1

and b2 are calculated by (3.3). Put m(t) = 3t
20
, m0(t) =

t2

20
, m1(t) =

et
2−1

20
, m2(t) =

2t3+1
300π

and ψ(t) = t
5
. In accordance with data of Table (1) In the article source file, it is easy to

check that Hd(T (t, u1, u2, u3), F (t, v1, v2, v3)) ≤ (m(t)θ(
∑3

k=1 |uk−vk|))/(Λ1+Λ2+Λ3), and
|fj(t, u)−fj(t, v)| ≤ 1

Λ1+Λ2+Λ3
mj(t)ψ(|u−v|), for t ∈ J , j = 0, 1, 2. Because supu∈N(0) ∥u∥ =

0, we have infu∈C2(J)

(
supv∈N(u) ∥u− v∥

)
= 0. Thus, N has the approximate endpoint

property. At present, by applying Theorem 3.2, the system of fractional q-differential
inclusions (3.4) and (3.5) has at least one solution.

References

[1] C.R. Adams, The general theory of a class of linear partial q-difference equations, Transactions of the
American Mathematical Society 26 (1924), 283–312.

[2] A. Amini-Harandi, Endpoints of set-valued contractions in metric spaces, Nonlinear Analysis: Theory,
Methods & Applications 72 (2010), 132–134.

[3] K. Deimling, Multi-valued differential equations, Walter de Gruyter, Berlin, 1992.
[4] R.A.C. Ferreira, Nontrivials solutions for fractional q-difference boundary value problems, Electronic

journal of qualitative theory of differential equations 70 (2010), 1–101.
[5] A. Granas and J. Dugundji, Fixed point theory, Springer-Verlag, 2005.
[6] F.H. Jackson, q-difference equations, American Journal of Mathematics 32 (1910), 305–314.


	1. Introduction
	2. Preliminaries
	3. Main results
	References

