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ABSTRACT. In this paper, the controllability and observability of discrete time linear
systems with interval coefficients by using of full rank interval matrix, are investigated.
The full rank interval matrix will be defined and the being full rank of interval matrix is
expressed by means of its definition or some criteria.

1. INTRODUCTION

At first, the interval parameter transformation is expressed. Consider the closed bounded

interval S = [s%s!] = {z € R|s® < = < s'} for s° s € R. Any value in S may be
stated as s(A) = s% + A(s! —s°),0 < A < 1, and so the left and right endpoints of
the interval S = [s°, s!] express as s° = min s(\),s' = maz s(\) ,(0 < X < 1).]7].

Y = [4°, y'] = {y(\2)|\2 € [0,1]} is also a closed bounded interval. The algebraic operations
of intervals are presented with respect to parameters as follows [?]:

SOY = {s(A\) +y(X2)[A, A2 € [0, 1]},
S@Y {8(/\ ) ()\2)|)\1,)\2 S [0 1]}
SOY ={s(A\).y(A) |\, A2 € [0,1]},
kS = {hs(MIA € [0, 1]

S is Called an interval matrix 1f and only if all of its element are real numbers interval.
Let I(R) be the set of all closed intervals in R, I(R)™ be the product space I(R) x I(R) x

- x I(R), I(R)™™ be the set of all interval matrices & with m rows and n colums
and J[0, 1]™*™ be the set of all real matrices with m rows and n colums such that all
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elements of these matrices belong to [0,1]. Whenever S = [S;;|mxn 1S a real matrix and
S = [Sijlmxn € I(R)™ " is an interval matrix, where S;; = [s;,s;;]. S € S if and only if
sij € Sy, foralli=1,...,mand j=1,...,n.

Proposition 1.1. An interval matriz S is presented by the infinite set of real matrices,
1.€.

S = {SalSa = [sij(Nij)lmxn + A= [Nijlmxn € J[0, 1] 535(Nij) = 89+ Nij(siy — s35) i =
1,...om, j=1,...,n}

Proof. Suppose S € S that, S = [Sj|mxn, thens;; € S5, i=1,...,m, j=1,...,n. Then,
there exists Ag; € [0, 1] such that s;; = s7;+Xi;(sj;—s;). In this case, for each element of the
matrix S, there exists a real number \;; € [0,1], 1 € {1,...,m}, j € {1,...,n}. Consider
the real matrix A = [Aijlmxn , Ay € [0,1], and suppose si; = s7;+i;(s5;—57;) = si5(Az) for
i=1,...,m, j=1,...,n. Thenthereis areal matrix A = [\;;] € J[0,1]™*", that S = Sj.
Therefore, the real matrix S is a member of the infinite set of real matrices.

Now if a real matrix S = [s;j]mxn belongs to the infinite set of real matrices, then, there is
aoreal matrix A = [)\zj]mxn . Aij € .[0, 1] such that S = Sy and Sij = sij(Nij) = s?j —l—)\ij(s}j —
sii) s Aig €10,1),i=1,...om, j=1,...,n. Thens;; €Sy, i=1,....m, j=1,...,n,
and so S € S. O

The most important advantage of defining an interval matrix in the above proposition
is that it shows all real matrices which are included within interval matrix. An interval
matrix S is called full rank if and only if for each matrix A € J[0,1]™*" the real matrix
Sy € S is full rank.

Let S = [Sijlmxn and Y = [yij]lmxn are real matrices. Absolute of matrix is denoted by
|S| = [|sij|lmxn and also S <Y if and only if s;; <y fori=1,...,m, j=1,...,n. The
pseudoinverse of S, is a real n X m matrix as ST such that SS* and STS are symmetric
matrices and SStS =S, STSST = S*. Suppose that, S is full rank and m is greater
than or equal to n, then ST = (STS)71ST and STS is a unit n x n matrix, otherwise, m is
smaller than or equal to n, then S* = ST(SST)~! and SST is a unit m X m matrix [?]. The
singular values of the matrix S are as arithmetic square roots of the joint eigenvalues of the
matrices STS and SST. 0,,,(S) and 0,,4:(S) are respectively the smallest and greatest
singular values of the matrix S. p(-) is the spectral radius of a square matrix.

Let S = [s% s!] be an interval of real numbers. The midpoint of the interval, the radius
of the interval and the absolute of the interval denote by, mid S = s0ts , rad S =

2
s=2 |S| = max{|s°| , |s'|} respectively. The operations of an interval as, midpoint,
radius and absolute value are elementwisely extended for interval matrices. The matrices
Smia and S,.q are respectively called the midpoint matrix and the radius matrix of an

interval matrix S.

Theorem 1.2. An interval m x n matrix S , m = n, is full rank if and only if the system
of inequalities |Spiqx| < Spaalz] , * € R™, has a unique zero solution.

Proof. This theorem is proved in [3]. O
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By using of (?7?), some criteria are proposed as following that being full rank of the
interval matrices is investigated by them.If the matrix S,,;4 is full rank and p(|(Spia) ™| -
Srad) < 1 then the interval matrix S is full rank by spectral radius criterion. If the
inequality 0,00 (Srad) < Tmin(Smid), is satisfied the interval matrix S is full rank by singular
value criterion. If the matrix 8,4 is full rank and the inequality || Speq ||<|| (Smia)™ [|7F
is satisfied, the interval matrix S is full rank by norm criterion. || e || is an absolute
subordinate matrix norm.

2. MAIN RESULTS

Consider the discrete time linear system with interval coefficients

Tpy1 = Az + Buy, yr = Cxp + Duy, (2.1)

where , A € I(R)”" B e I(R)™™ ,C € I(R)P*™ ,D € I(R)?*™ , are interval matrices
that they are defined according to (??). From the system (?7?), a system with real number
coefficients gaines as follows:

Tpy1 = Aaxy + Bruy yr = Coxy + Dquy, (2.2)

such that Ay € A, Br € B, Co € C, and Dg € D. The state-transition equation of (??) by
the initial state xg is written as follows[?]:

k
s
rp = ARz + > AV Buy
i=1

Definition 2.1. The linear system with interval coefficients by state-space equations in
(??7) is controllable if and only if the linear system by state-space equations in (?7) is
controllable for all matrices A € J[0,1]™*", I' € J[0,1]™*™, © € J[0,1]"*", Q € J[0, 1]P*™ .

Definition 2.2. The linear system by state-space equations in (7?) is controllable whenever
a certain control sequence {uy} can convey the state sequence {zy} from any initial position
xo to any other position x; in a finite number of discrete time steps such that xq, z; € R™.
In other words, the linear system by state-space equations in (??) is controllable if for any

k .
positions g, z; € R", there are k € N and a sequence {u;,} such that A§zo+>" AY " Bu;_; =
i=1

Zq.

Proposition 2.3. The linear system with interval coefficients by state-space equations in
(??) is controllable if and only if the interval compound matriz

Mus=[B AB AB ... A5

18 full rank.
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Proof. Let the system (?7) is controllable and then for all matrices A € J[0,1]™*", T €
J[0,1]™™ O € J[0,1]P*™, Q € J[0,1]P*™ the system (?7?) is controllable. The compound
matrix Ma, p. is full rank for all matrices A € J[0,1]"*", ' € J[0,1]™*™, [?] and the
interval compound matrix M 4z is full rank. If the interval compound matrix M 4z is full
rank, then the system (?7?) is obviously controllable. O

Definition 2.4. The system (??) has the observability property on a discrete time-interval
{0,1,...,k}, whenever any pair of input-output sequences (u;,v;) , ¢ =0, 1, ...,k uniquely
specify an initial state xg.

Definition 2.5. The system (?7) is observable if for every initial state z, there is k € N
such that the system has observability property on discrete time-interval {0, 1, ..., k}.

Definition 2.6. The linear system with interval coefficients by state-space equations in
(??) is observable if and only if the linear system by state-space equations in (?7) is
observable, for all matrices A € J[0,1]**", I" € J[0,1]"*™, © € J[0, 1]P*™, 2 € J[0, 1]P*™ .

Proposition 2.7. The system (??) is observable if and only if the interval compound matriz

C
CA
Nea= | CA?
CA™1
18 full rank.
Proof. The proof is similar to ?7?. O

Example 2.8. Consider the linear system with interval coefficients as :

0 12,5 7
e {[4,6] h,sﬂ ot [ {—1,31] e w=10 B8]z (23
By using of (??), the interval matrices are expressed as follows:

_ 0 2+ 3\ _ b
Ap = [4+2/\21 1+2>\22} such that Ay € A for all matrices A € J[0,1]***. Br

7 .
{_1+4721} such that Br € B for all matrices I' € J[0,1]*. Co = [ 3+ 501

such that Cg € C for all matrices © € J[0,1]'*2. Myp = {[_17 3] [2[??1]] Nea =

0 3, 8] _ _
{ 12, 48 [3724]1. Because of det(M y5) = [130,372] and det(Ne4) = [—384, —36], Then
the interval matrices M 45 and N4 are full rank and the system is controllable and ob-
servable.
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7 5 0 10
(MAB)mid = [1 38:|7 (M.AB)Tad = |:2 13:| ,0(| (MAB);;M (MAB)rad) = 0.5617 < 17

the interval matrix M 45 is full rank by spectral radius criterion. oy, (M as)mia = 46.2544
and 0,02 (M ag)rea = 271.5268, the interval matrix M 45 is not full rank by singular value

criterion. || (Mug)l,, |7'= 6.0698 , || (Mug)rea ||= 15, the interval matrix Mz
. o 0 5.5 0 25
is not full rank by norm criterion. (Nea)mia = [30 13'5}, (Ned)rad = 18 10.5].

P ((Nea)mia) TI(Nea)raa) = 0.6 < 1, then the interval matrix Ngy4 is full rank by spec-
tral radius criterion. i ((Nea)mia) = 25.0353 and 04z ((Nea)red) = 435.8539, the in-
terval matrix Ng4 is not full rank by singular value criterion. | (Nea)mid)™ ||71= 5.5,
| (Nea)rad ||= 28.5, the interval matrix Ng4 is not full rank by norm criterion.

3. CONCLUSION

10n this paper, the controllability and observability of discrete time linear system with
interval coefficients are investigated. In this theory, no changes apply on the system and
both controllability and observability of the system are directly examined. Some criteria are
presented that they expressed the being full rank of interval matriz by those criteria and to
apply them to M i , Nea, they also examine the controllability and observability of the
system by that criterion. The conditions of controllability and observability of the system
by means of the criteria are expaned in the future works.
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