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ABSTRACT. This paper presents a computational method for solving nonlinear fractional
Langevin equation(NFLE). First we convert the NFLE into a system of nonlinear algebraic
equations. Then by solving this system, the approximate solution of the main problem is
obtained. Finally, we solve an example by the proposed method and then approximate
and exact solutions are compared.

1. INTRODUCTION

In 1908, the Langevin equation was proposed by French phisicist Paul Langevin to give an
elaborate description of Brownian motion [2]. The existence and uniqueness of solutions of
the fractional Langevin equation were verified by Baghani [1] and Yu et al.[5]. In this paper,
we use CAS wavelets to solve the initial value problem of nonlinear fractional Langevin
equation of the form

DP(D* 4+ y)x(t) = f(t,z(t)), 0<t<1, (1.1)

2(0) =p,  2(0) =,

where f(t,2(t)) = 37_ga;a’(t) + g(t), a; ERfor 0<j<n,yeR,0<a<1,0<p <1,
D* and D? are the Caputo derivatives and f : [0,1] x R — R is a given continuously
differentiable function.
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The Caputo fractional derivative of order a, k — 1 < o < k, k € N, of the function f(t)
is defined as

t (k) (
D40 = DA = gy [

where 19(.) is the Riemann-Liouville fractional integral of order f3.

2. CAS WAVELETS AND OPERATIONAL MATRIX OF THE FRACTIONAL INTEGRATION

CAS wavelets are defined on the interval [0,1) as
blt) = {220/15 G2t — i 1), <t < g

0, otherwise,

where i =1,...,2% j € Z, k € N, and CAS;(t) = cos(2jnt) + sin(2j7t).
A function f(t) € L*[0,1) can be approximated as

Z Z ety (1) = CTU(1) = f(1), (2.1)

=1 j=—
where C and W(t) are 28(2M + 1) x 1 matrices
Assume that m = 2(2M + 1) and t; , @ =1,2,...m. Define CAS wavelets matrix
as
Cpxm = [\Ij(tl) \Il<t2> Tt \Il(tm)} .

It is obvious that CT = [f(t,), f(ts), -, f(t

)] L.

It is known that, any square integrable function f(¢) on [0,1) can be approximated in
terms of block puls functions (BPFs) [3] as

F(0)~ Y F(t) = F7 B (),

=]

where F = [fo, ..., fm1]" and By, (t) = [bo(t), ... b_1(t)]".

CAS wavelets can be expanded in terms of BPFs as follows
U(t) = Ppysern B (t). (2.2)

Note that, we have the following theorem from [3]:

Theorem 2.1. A function u(t) € L*[0,1] with bounded second derivative, [u®(t)| < 7,
can be expanded as an infinite sum of the CAS wavelets and the series converges uniformly
to u(t), that is u(t) = 220_1 Y ez CnmWUnm (t). Furthermore, we have

Z Z Cnm¢nm < 7T2 Z Z 7’L5/2m27 t e [07 ]_]

n=1m=— n=2k m=M+1
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Let (I°0)(t) ~ P

mXxXm
ator of order «. The matrix P¢

U(t), where I* is the Riemann-Liouville fractional integral oper-
is called the CAS wavelets operational matrix of the

mXxXm
fractional integration and is obtained as
« _ ap—1
Pme - (DmeF (1)me7

where F* is the BPFs operational matrix of fractional integration[!] and I*B,,(t) ~
F*B,,(t).

3. METHOD OF NUMERICAL SOLUTION

Consider the initial value problem (1.1) of Langevin equation. From [5], we can see that
x(t) is a solution of Eq. (1.1) if and only if x(¢) is a solution of the integral equation:
a(t) = I°TPf(t,2(t)) — yIx(t) + h(t) (3.1)
where
v+
h(t) = —t™
O =r+ 507D

Assume that x(t) ~ XTU(t) = (XT®)B(t) = (XT®),B(t). Then for j = 2,...,n, we have
2 () = XTU({) x ... x XTU(t) = XTOB(t) x ... x XT®B(t)

7

~
j—times

=(XT"0®..0 XT®)B(t) = (XT®),B(t).

Thus 27(t) = (XT®),;B(t) for j = 1,2,...,n. Note that, if A = (a;) and B = (b;) then
A® B = (a;b;). Let g(t) ~ GTU(t). We obtain

[P f(ta(t) = 1977 (Z a;z’ (t) + g(t)) = Zaﬂ“”(:cj (1)) + 1% (g(1))
— En: a; I°TP(XT®);B(t)) + [“TP(GT V(1)) = En: a;(XT®);1°TP B(t) + GT 1P (t)
-y a;(XT®);FPB(t) + GT PP (t) = (zn: a;(XT®);F*tP + GT PP o) B(t).

Therefore we have

3

1Pt z(t) = (Y aj(XT®);F*F + GTPP®)B(t) = AT B(t). (3.2)

J
Now assume that h(t) = HTU(t) = HT'®B(t). Since I%x(t) = XTP*®B(t), then by
substituting this, z(t) = XT®B(t), h(t) = HT®B(t) and Eq. (3.2) in Eq. (3.1) we will
have
XToB(t) = ATB(t) —yXTP*®B(t) + H' ®B(t).
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Eliminating B(t) of both sides of the last equation yields the system
XTp = AT —~XTP®+ HT®

of nonlinear algebraic equations.

equation (3.1) is obtained.

By solving this system, the approximate solution of

4. NUMERICAL EXAMPLE
Consider the nonlinear fractional Langevin equation
DY¥(DY? + 1)a(t) = 22(1) + 9(1), (4.1)
with initial conditions z(0) = 0,2%(0) = 0. Also g(t) = —t5 + r(%)t% + r(%)t . The

exact solution of this equation is X (¢) = ¢3. We have solved the Eq. (4.1) using CAS
wavelets method. Table 1 shows the absolute error Ej p(t) =| x(t) — xxm(t) | between
exact solution (¢) and approximate solution xy 5/ (t) in different values of t.

I3

TABLE 1. Absolute error for M =2 and k = 3,4,5

t M=2k=3 M=2k=4 M=2k=5
0.1 2.5178¢ — 05 6.1366e — 06 1.4986¢e — 06
0.2 4.7952¢ — 05 1.1674e — 05 2.8485¢ — 06
0.3 6.9872¢ — 05 1.7002¢ — 05 4.1468e — 06
0.4 9.1602¢ — 05 2.2282e¢ — 05 5.4333e — 06
0.5 1.1387e — 04 2.7692e — 05 6.7516e — 06
0.6 1.3768¢ — 04 3.3475e¢ — 05 8.1606e — 06
0.7 1.6446e — 04 3.9982e¢ — 05  9.7460e — 06
0.8 1.9640e — 04 4.7740e — 05 1.1636e — 05
0.9 2.3690e — 04 5.7576e — 05 1.4033e — 05

CPU time(s)  4.549452 13.817545 75.781281
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