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ABSTRACT. In this paper, we use the second Chebyshev wavelets (SCWs) for solving the
linear fractional Langevin equation. By using the second Chebyshev wavelets operational
matrix, the fractional Langevin equation (FLE) is transformed into a system of algebraic
equations. Then by solving this algebraic system, the approximate solution of the main
problem is obtained. Finally, we solve an example by the SCWs method.

1. INTRODUCTION

In 1908, the Langevin equation was proposed by French phisicist Paul Langevin to give
an elaborate description of Brownian motion[2]. The existence and uniqueness of solutions
of the fractional Langevin equation were verified by Tao Yi et al.[5] and Baghani [!]. in this
paper, we use the second Chebyshev wavelets to solve the initial value problem of fractional
Langevin equation of the from

DP(D* +y)x(t) = f(t), 0<t<I1, (1.1)
z(0) = p, 29(0)=v,

where v € R, 0 < a < 1,0 < 8 < 1, D* and D” are the Caputo derivatives and

f:[0,1] x R — R is a given continuously differentiable function.

The Caputo fractional derivative of order o, k — 1 < a < k, k € N, of the function f(t)
is defined as

1 AN
Df(t) = I""*D"f(t) = dr
f() f() P(kﬁ—OZ) . (t_T)a_k_H
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where I°(.) is the Riemann-Liouville fractional integral of order 3.

2. THE SCWS AND OPERATIONAL MATRIX OF THE FRACTIONAL INTEGRATION

The second Chebyshev wavelets are defined on the interval [0, 1) as:

Y (t) = {25\@%(2’” —2n ) g st < gt
0,

otherwise,

wheren =1,2,...,281. m=0,1,...,M —1, k and M are positive integers and coefficient
\/g is used for orthonormalitly. The function U,,(t) is the second Chebyshev polynomial of
degree m. Note that, These polynomials are defined on the interval [—1, 1] by the recurrence
Uo(t) =1, Ui (t) = 2t, Un1(t) = 2tUn(t) — Up-1 (1),
where m=1,2,....
A function f € L?([0,1]) can be approximate in terms of the SCWs as

2F—1 pf—1

[ %= 303 Comtbu(t) = CTU() = f(1) (2.1)

n=1 m=0

where

\Ij(t) = Wlo(t)a 2/}ll(t)v s 7¢1(M—1)<t)7 wQO(t)v s 7w2(M—1)(t)7 s 7w2k*10(t)7 s 7¢2k*1(M—1)(t)]T7

C= [010, C11y -+ -y C1(M—1), C205 - - -, C2(M—1)5 - - - » Cok—=10, - . . 762’f—1(M71)]T'
We define the SCWs matrix ®,,/x, as
1 3 2m’ — 1
D, = [¥( ), W ( )y, U )],

2m/ 2m/ 2m’

where m/ = 25101,

Theorem 2.1. Suppose that f : [0,1] — R be a real valued function and f € C™[0,1].
Then we have

P 2
| 70 = FO) IS Sy w0 | 70

' te[0,1]
where f(t) is given by Eq. (2.1).
Proof. see [3] O
Now, we define a m/-set of block-pulse functions (BPFs) on the interval [0,1) as
i1 i
- {y

where i = 1,....m/.
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Also, a function f € L*(]0,1]) can be approximate in terms of BPFs as the from

m/

F) =Y fibw(t) = F By(t)
i=1
where F' = [fy, fa, ..., fav]" and By (t) = [b1(t), ba(), ..., b ()]
Chebyshev wavelets can be expanded in terms of BPFs as

U(t) = Oy B (1),

Let
IV (t) = PV (1), (2.2)

where /¢ is the Riemann-Liouville fractional integral operator of order a. The matrix
PS, . is called the Chebyshev wavelets operational matrix of fractional integration and is

obtianed as follows
Pam’Xm’ - q)m’Xm’Fa(I)_l

m/xm’’
where F* is the BPFs operational matrix of fractional integration [1] and [*B,.(t) =
FoB(t).

3. SOLVING FRACTIONAL LINEAR LANGEVIN EQUATION

Consider the initial value problem (1.1). From [5], we can see that x(t) is a solution of
Eq. (1.1) if and only if z(¢) is a solution of the integral equation:
w(t) = 177 f(t) =y 1% (t) + g(t) (3.1)
where
VAR
) =—— 14
(t) ['(a+1) T
Now let
z(t) ~ XTU(t), f(t)~FTUt), gt) ~GTU(¢). (3.2)
Then by Eq.(2.2) we have
1P f(t) ~ FTPPQ(t),  I°2(t) ~ XTPYU(t). (3.3)
By substituting the Eqgs. (3.2) and (3.3) in Eq. (3.1) we obtain
XTW(t) = FTPoPU(t) — v XTPUU(t) + GTU(t). (3.4)

The Eq. (3.4) yields the following system
XT = FTpoth _~XTpe 4 GT

of algebraic equations. By solving this system, the approximate solution of equation (3.1)
is obtained.
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4. NUMERICAL EXAMPLE
In this section, we solve an example by proposed method.
Example 4.1. Consider the initial value problem

DY*(DV3 4+ Da(t) = f(t), =(0)=0.5, z3)(0) =0,

W=

(4.1)
where

@t(%) _1r@2)reé/3)
r'(3) SLGIT(E)
The exact solution of Eq. (4.1) is z(t) = 3 —t?. we have solved the Eq. (4.1) using proposed

method. Table 1 shows the absolute error and approximate solutions in different values of
t.

)

[eNEN]

£ =~

TABLE 1. Approximate solutions and absolute error for M =5 and k = 5,7
in example 4.1

approximate solutions absolute error

t M=5k=5 M=5k=7 exactsolution| M =5k=5 M=5k=7
0.1 4.899622¢ — 01  4.899952¢ — 01 4.90e — 01 | 3.770139¢ — 05 4.777029¢ — 06
0.2 4.599650e — 01 4.599964e — 01 4.60e — 01 | 3.499037e — 05 3.540749e — 06
0.3 4.099681e — 01  4.099970e — 01 4.10e — 01 | 3.180331e — 05 2.937636e — 06
0.4 3.399704e — 01 3.399974e — 01 3.40e — 01 | 2.951829¢ — 05 2.577967¢ — 06
0.5 2.499721e — 01  2.499976e¢ — 01 2.50e — 01 | 2.782651e — 05 2.335707e¢ — 06
0.6 1.399734e — 01  1.399978e — 01 1.40e — 01 | 2.651622e¢ — 05 2.159511e — 06
0.7 9.974536e — 03 9.997975¢ — 03 1.00e — 02 | 2.546331e — 05 2.024465¢ — 06
0.8 —1.400245¢ — 01 —1.400019¢ — 01 —1.40e — 01 | 2.459249¢ — 05 1.916949¢ — 06
0.9 —3.100238¢ — 01 —3.100018¢ — 01 —3.10e — 01 | 2.385570e — 05 1.828849¢ — 06

CPU times(s) 0.229319 1.051019
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