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ABSTRACT. This paper presents the delay fractional optimal control problems (DFOCPs)
a modification of the conformable fractional derivative using a novel translation from
Caputo-Fabrizio derivative that the kernel is replaced by a suitable exponential func-
tion. The delay problem is first transformed to an equivalent problem without delay. By
utilizing the necessary optimality conditions and by constructing an error function, an
unconstrained minimization problem is defined. A fractional power series neural network
for solving the minimization problem is presented. Some illustrative numerical examples
are also provided.

1. INTRODUCTION

Although, the definition of fractional derivative in [1] has used in many papers and docu-
ments, but there are some disadvantages of this fractional definition. Therefore, an efficient
improvement of this definition with more simplification is very necessary and meaningful.
This is the first novelty of this paper. With help of this new definition of the conformable
fractional derivative, we intend to propose a numerical computational approach based on
artificial neural network (ANN) scheme for solving a class of DFOCPs.

2. A MODIFICATION OF CONFORMABLE DERIVATIVE

The conformable fractional derivative is defined as
St +et!=) — f(t)

€

To f(t) = lim , t>0. (2.1)
e—0
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Authors in [!] claim that definition (2.1) is the simplest, most natural and efficient
definition of fractional derivative. However, one disadvantage of the conformable fractional
derivative may be stated by an example:

Let us consider a fractional differential equation by,

Tof(t) = g(t,z(t)), t €[0,a), 0<a<1,
z(0) = o, (2.2)
9(0,z(0)) # 0.

There is no answer for fractional differential equation (2.2) when ¢t — 07. According to
the definition (2.1), derivative of any function at the point ¢, when ¢ is very close to zero,
is 0 that this is wrong. Therefore, it is necessary to modify the conformable fractional
derivative of (2.1).

By using the stated idea in [2], and by replacing t'~* whit exp(5=2t), we define a modi-
fication of the fractional derivative (2.1) as follows:
Definition 2.4. Given a function f : [0,00) — R. Then the conformable fractional
derivative of f of order « in (2.1) is modified by
10+ zexp(220) — /()

Ta(N(®) = lim : ,t>0,a€(0,1]. (2.3)

Theorem 2.1. Let a € (0,1] and f, g be a-differentiable at a point t > 0. Then

(a) Ta(af +bg) = aTa(f) +bTalg), for all a,b € R.
(b) Ta(A) =0, for all constant functions f(t) = A.
(c

(

)

) 7’a(f9) FTa(9) + gTa(f)-
d) 7-( ) = 9Ta ()= fTalg)

)

a2
(e) If f is differentiable, To(f)(t) = oxp(éj—it)%(t)‘

3. PROBLEM DESCRIPTION AND POWER SERIES NEURAL NETWORK
Consider the following problem in which 0 < o < 1,

Minimize J(z(t), u(t)) = @, z(t))]¢, + ft FL(t, x(t), z(t — o), u(t), u(t — 7))dt,
subject to

z(t) = fi(t, z(t), z(t — o), u(t),u(t — 7)), tE [to,ty],

xz(t) = ¢(t), tE€ [to— o,tol,

u(t) =(t), tE€ [to— T, to0],

olt,2(t), u(t) <0, t€ [to,ty].

Using a similar procedure in [3] and Pade approximation, the problem (3.1) is thus trans-
formed to a non-delayed problem

Minimize J(z(t), u(t)) = @, z(t))]¢; + fttof L(t, z(t), z(t), u(t), v(t))dt,
subjectto

(1) = f1(t, (1), 2(2), u(?), v(t)),

9(t) = 2(@(t) — y(t)) — &(t) = f2(t, x(t), y(2), 2(¢), u(t), v (1),

2(t) = 2(2y(t) — 2(t) — (1) + &(t) = fa(t,z(8), y(1), 2(1), u(t), v(?)),
W(t) = 2 (u(t) —w(t)) —a(t) = fa(t, w(t), u(t)),

() = 2(uw(t) — v(t) — u(t)) +a(t) = f5(t, w(t), v(t), ult),

gt x(t),u(t)) <0, tE€ [to,ts],

z(to) = ¢(to), y(to) = é(to — 3), 2(to) = é(to — o),

u(to) = Y(to), w(to) = P(to — 5), v(to) = ¥(to — 7).

(3.2)
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Now, for estimating solution of the optimality system of the problem (3.2) the trial solutions
are written as

or=mt -t (= S wiee b,
yr = yo + (t —to)ny, ny = S0 wit' + bl
#r =20 + (t —to)nz, n. =" witt™ 4 b,
wr = wo + (¢t — to)nw, nw = S0 wh, i 4 bl
vr = vo + (t — to)nw, ny = S0 wht'® + b,
Ar = g_i)‘tf + (t - tf)”)u nx = Z?:l w?t%a + b?’ (3.3)
1 = (t —tf)n., ny =30 wit + bl
pr = (= ), np = iy wht + 0],
€r = (t—ty)ne, ng =y w%tl.a + bé,
nr = (¢t —tg)nn, m = iy Wnt® b,
Cr = (t—tf)ne, ne = 3y wet'™ + b,
U = N, My = Yo WhE 4 b,

Approximate solutions should be satisfied in optimality conditions of (3.2). We then get

OHp . OHp . OHp . OHp OHp OHp
M) =0 ) =—5—, prt) = ———, &r(t) = ——, r(t) = ———, z3(t) = ——,
oxr T Oz ow ovp O
, OHy oHT OHp oHp  oHyp
gr(t) = ——, 2r(t) = ; wr(t) = s ()=, =0, (3.4)
ovr opr 355(13 onr ~ Our
dpp(Cr, —g(t, z7(t), ur(t))) =0, € = 04, Ehf = Ar(ty),

where

Hp = H(t,x7,y7, 21, W, 17, AT, YT, M1, ET, 07, CTs ur), P50, 0) = (P +q@) — VP2 + ¢ +¢, € = 04

is the Hamiltonian function of We collocate the optimality system (3.4) on the n points
tr, k =1,...,n of the interval [to,?f] and then define an optimization problem as

12 n
minimizes B %ZZ Ei(tx, D)}, (3.5)
where

2

B (t, ) = {)\%(tk)-i-zi} s Ba(tk, p) = |:'.YT(tk) Zﬂ} s B3t p) = [MT(tk)-i-aaHTj ;
B . a;T 2 B . o _ 8HTT

E4(tk,p) = |:5T(tk) =+ g} 2,E5(tk7p) = |:77T(tk) + g} ) Eﬁ(tkvp) = |:$T(t) - %} (3.6)
Bt ) = [im) = 0 | Bsten,) = [0 = 57| Bt ) = [wT(m—yﬂ 7

2 2
Eio(tx,p) = {bT(tk) - ?9171;} 11 (b, ) = [05n (Cry —g(t, 2r(tr), ur (t)] %, B2 (ty, B) = {Bﬁ}

BuT

Example 1.

20
Maximize J = / e 005 2u(t) — 0.2z (t) " Lu(t)®)dt,
0

2% () = 3(t) (1 - @ - u3(t)) ,

a(t)=2, t€[~0.5,0], 0<a <1,
x(t) > 2, t €[0,20],u(t) >0, t € [0,20].

The optimal trajectory z(t) and optimal control u(t) are shown in Figures 1 and 2.
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FIGURE 1. Optimal state trajectories of x(t) with a = 1,0.99,0.95,0.89 for
Example 6.3.

x(t)

FIGURE 2. Optimal control functions of u(t) with a = 1,0.99,0.95,0.89 for
Example 6.3.

3.7

o=1

a=0.99
o=0.95
o=0.89

3.6

3.5

341

REFERENCES

1. R. Khalil, M. Al Horani, A. Yousef and M. Sababhehb, A new definition of fractional derivative, Journal
of Computational and Applied Mathematics, 264 (2014) 65-70.

2. Caputo M, Fabrizio M . A new definition of fractional derivative without singular kernel. Progr Fract
Differ Appl 2015;1:73-85 .

3. S. Hosseinpour, A. R. Nazemi, E. Tohidi, Muntz-Legendre spectral collocation method for solving delay
fractional optimal control problems, Journal of Computational and Applied Mathematics, (2019).



	1. Introduction
	2. A modification of conformable derivative
	3.  Problem description and power series neural network 
	References

