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ABSTRACT. In this paper, we prove the existence of solutions for the following fractional
boundary value problem

cDu(t) = f(t,u(t)), a € (n,n+1), 0 <t < +o0,
u(0) =0, v’ (0) =0,...,u™(0) =0, tliffloo D Lu(t) = Bu(§).

The considerations of this paper are based on the concept of a new family of measures of
noncompactness in the space of functions C™7(R;) and a fixed point theorem of Darbo
type. We also provide an illustrative example in support of our existence theorems.

1. INTRODUCTION AND PRELIMINARIES

The fractional calculus, an active branch of mathematics analysis, is as old as the classical
calculus which we know today. Fractional differential equations arise in the fields of physics,
chemistry, engineering, and economics, etc., (see [1]). Also, some basic theory for the initial
value problems of fractional differential operators has been discussed in [5] and some other
boundary value problems of fractional type have been studied in [3]. On the other hand,
a more effective approach consists in applying new and more suitable regular measures of
noncompactness for some Fréchet spaces and Banach spaces defined on a bounded or an
unbounded interval.

In this paper, we prove the existence of solutions for the following fractional boundary
value problem

cDu(t) = f(t,u(t)), a € (n,n+1), 0<t< +oo,
u(0) = 0, w”(0) = 0,... u(0) =0, lm_ D" Mu(t) = fu(¢). (1.1)
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The considerations of this paper are based on the concept of a new family of measures of
noncompactness in the space of functions C™7(R, ) satisfying the Holder condition and a
fixed point theorem of Darbo type.

Let EF be a Banach space with zero element 0. For a nonempty subset X of E, the

symbols X and Conv.X will denote the closure and closed convex hull of X, respectively.
Moreover, let g indicate the family of nonempty and bounded subsets of E and g
indicate the family of all nonempty and relatively compact subsets of F.

Let n € N, we denote by C™(R,) the space of all real functions which are n-times contin-
uously differentiable on R, with the family of seminorms

|z|Z. = sup{|a® ()| : 0<k <n, te[0,T]}
for T > 1. The space C™(R;) would be a Fréchet space furnished with the distance
1
d(x,y) = sup {Q—T min{l, |z —y|L.}: T € N}.

A nonempty subset X C C™(R,) is said to be bounded if sup{|z|%. : = € X} < oo for all
T € N. For v € (0, 1]; the space y-Holder continuous functions #.,(R;) is the family of all
continuous functions z = x(t) on R, where

t
VT >0 dMy > 0, bup{W: tl,tQG[O,T}, tl#t2}<MT.
1 — 2

The space H,(Ry) is equipped with the family of seminorms

x t
\wliv {|t|72)| D t1,t €[0,T), t1 # t2}~

H,(Ry) becomes a Fréchet space furnished with the distance
1
d(z,y) = sup {Q—T min{1, |z — yIZW} : T € N}.

Definition 1.1. ([1]) For at least n-times continuously differentiable function f : [0, 00) —
R, the Caputo fractional derivative of order av > 0 is defined as

R S R IO B
D0 = i, T

where n = [a] 4+ 1, [o] denotes the integer part of the real number «.

Lemma 1.2. [I] Let f € L'(]0,00)) be a nonnegative continuous function, n < a < n+ 1,
and B and & be positive real numbers. Then the boundary value problem of fractional
differential equation (1.1) has a unique solution

i = [ s s g [T s s [ 9o

Theorem 1.3. (Darbo [2]) Let C' be a nonempty, bounded, closed and convezr subset of a
Banach space E and let F : C — C be a continuous mapping. Assume that a constant
k€ 10,1) exists such that p(F (X)) < ku(X), for any nonempty subset X of C, where i is
a measure of noncompactness defined in E. Then F has a fixed point in the set C'.
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2. MAIN RESULTS

For 0 < ~ < 1 fixed, the space C™7(R,) consists of all functions u € C"(R,) whose

nth-derivative is Holder continuous with exponent . Then C™(R,) equipped with the
family of seminorms

[ul}y = |ul&

on Tt lu n)ﬁv

for each T'e N. C™7(R,) becomes a Fréchet space furnished with the distance
1.
d(z,y) = sup {Q—T min{l, |z — y|$} :T € N}.

Theorem 2.1. [1] A subset F C C™(R,) is totally bounded (relatively compact) if and
only if satisfies the following conditions:
(i) The set F® = {f®) . f ¢ F} is bounded and equicontinuous on [0,T] for all
0<k<mnandT €N respect to C™ seminorms.
(ii) The set F™ = {f) . f € F} is bounded and equicontinuous on [0,T] for all T € N
with respect to the modulus of continuity function w(r) = rY, which means that

70 = S
[t1 — to|" -

Ve >0 VT >0 307 >0 Vf €F Vit €[0,T], (|t1 —ta] <o =

Definition 2.2. [I] A family of mappings {ﬁ’yn}TGI\h : Menr — Ry, where v € (0, 1]

is said to be a family of measures of noncompactness in C’”’V (Ry) if it fulfils the following
conditions:

1° The family ker{d7 ,} = {X € Mg~ : 07

,n

(X) =0 for each T' € N} is nonempty and ker{ﬂ§7n} C

Nemoy.
2°° U C Vv implies that 97, (U) <9T, (V) for T € N.
3° 9L (U)=97,(U) for T € N.

4° 9 (Coan) Uy (U) for T € N,
5° ﬁ%ryn()\U +(1- )\) ) < )\ﬁf’n(U) +(1- )\)195’”(‘/) for A € [0,1], and T € N.
6° If {U;} is a sequence of closed chains of Men~ such that U;pq C U; for j = 1,2,... and if
lim 19T »(Uj) = 0 for each T' € N, then the intersection set Ux ﬂ Uj is nonempty.
j—o0 o
j=1
Suppose T' € N and U is a bounded subset of the space C"™7(R.). For u € U, and ¢ > 0 set the following
quantities,
wl(u,€) = sup{|[u™ (t1) — u® (t2)| : t1,t2 € [0,T], [t1 —t2| <&, k=0,1,...,n},

[u™ (t1) — ul™ (t)]
|ty — ta|"

wl'(U,e) = igng(u7€), pl(U,e) = igguz(u,e) and 97 (U,e) := W (U,e) + 2 (U, ¢).

It is easy to see that the function e — 97 (U,e) is increasing on the interval (0, 00), so the gig(l)ﬂﬂn(U, £)

:LL':C(’UHE) = Sup{ Dty ta € [OaT]a t 7é 128 ‘tl _t2| < 8}7

exists and we have the following result expressing the family of measures of noncompactness in the space
C™ Y (R4).

Theorem 2.3. [1]The family of functions {97, }ren, 97, : Menn — Ry given by 97, (U) =
iig%ﬁ;’n(U, e), defines a reqular family of measures of noncompactness on C™7(R,).
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The following theorem is a version of Darbo’s fixed point theorem in C7V"™(R,).

Theorem 2.4. [ ] Let C be a nonempty, closed and convex subset of the Fréchet space C7"(Ry)
and F : C — C be a continuous operator such that for each T € N there exists Ly € [0,1) so that
9T (FX) < Lyd?f (X) for each X C C. Then F has at least one fixed point in the set C.

3. APPLICATION

We will assume that the following conditions are satisfied.
(’L) f R4 xR — R is a continuous function, such that there exist increasing functions ¢ : Ry — R and
0: R, — Ry such that ¢(t) — 0, and 6(t) = 0 as t — 0, ¢ € L'(]0,00)) and the inequalities

o0
F(svu) = Fls0)| < o), [ 15(svu) = Fls.0)lds < MO(lu ~ o],
0
hold for all s € Ry, u,v € R and for some M > 0. We also suppose that
N = sup{|f(s,0)| : s€R;} <00, and G = / |f(s,0)|ds < 0.
0

Moreover, we assume that
(17) for each T' € N, r(T") > 0 exists which is a solution of the inequality

a—1 ax—n—ry
((r(T)) +N) (dT + zi(a) e —217;)I‘(a —n)

Where dT = sup{(a_f)m, k= O, 1,27 . ,Tl}.

T _
>+&@MWG»+®§Mﬂ,

Theorem 3.1. [I] Suppose that the assumptions (i) and (ii) are satisfied. Then the non-
linear Caputo fractional differential equation (1.1) has at least one solution in the space
C"(Ry).

Example 3.2. [I] Consider the following fractional differential equation
CD%u(t) _ e*/arctir;(lz(t)+l)’ (3 1)
_ " _ . cns _ 1 '
u(0) =0, u”(0) =0, t_li+moo D3u(t) = 6u(2),

Observe that Eq. (3.1) is a special case of the Eq. (1.1), so (3.1) has at least one solution
which belongs to the space 23 (R,).
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